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Abstract

The goal for this paper is to be able to demonstrate the full construc-
tion of several novel algorithms for the calculation of geometric sequences.
The algorithms proposed are proved for correctness using techniques in
counting, number theory, algebra, and Fourier Analysis. These methods
manipulate both the base and exponent to an expanded form requiring
only simple binary operations to generate the resultant sequences. Ex-
panding the exponential expression in this way attempts to achieve effi-
ciency by using many simple operations to compute what would otherwise
be an expensive calculation. This is initially shown by tracing the con-
struction in base two which is further generalized to higher bases. These
techniques were shown to be ineffective at reducing the practical execution
time for geometric sequence generation.



Contents

1 Introduction

1.1 Geometric Sequences . . . . . . . ... oo
1.1.1 Geometric Sequence Definition . . . . ... .. ... ...
1.1.2 The Uses of Geometric Sequence . . . . .. ... .. ...
1.1.3 Geometric Sequence Generation Methods . . . . .. . ..
1.1.4 Operations Upon Powersof 2 . . . . . .. ... ... ...
1.1.5 Introduction To Binomials . . . . . .. .. ... ... ...
1.2 Array functions . . . . . ... ...
1.3 Patterns . . . . .. ..o

The Midpoint Function
2.1 Midpoint Array Function . . .. ... ... ... .. .......
2.1.1 Element wise Midpoints . . . . . . . .. ... ... .. ..
2.1.2  Successive Applications of The Midpoint Array Function .
2.2 The Anti Midpoint Array Function . . . . . . .. ... ... ...
2.2.1 Leading Edge Definitions . . . . . ... ... ... ....
2.2.2  Defining The Anti Midpoint Function . . . ... .. ...
2.2.3 Closed Form Formula For Successive Applications of The
Anti Midpoint . . . . . ..o oo
2.2.4 The Inverse of Midpoint Leading Edge . . . . . . . .. ..
2.2.5  Successive Midpoint Property.. . . . . . .. ... .. ...

Applications of The Successive Midpoint Property

3.1 Constant Input Array . . . . . . ... ...
3.1.1 Input Constant Row Leading Edge . . . . . ... ... ..
3.1.2 Input Constant Row Inverse Leading Edge . . .. .. ..

3.2 Linear . . . . . . ..
3.2.1 Input Linear Defined Row Leading Edge . . . . . . . . ..
3.2.2  Input Linear Defined Row Inverse Leading Edge . . . . .

3.3 Quadratic . . . . ...
3.3.1 Input Quadratic Defined Row Leading Edge . . . . . . . .
3.3.2  Input Quadratic Defined Row Inverse Leading Edge

3.4 Exponential . . . . ...
3.4.1 Input Exponential Row Midpoint . . . . . .. .. ... ..
3.4.2 Input Exponential Row Anti Midpoint . . . . . . . . . ..

Positive Integer Based Geometric Sequences
4.1 Successive Applications and Base 2 Memoization . . . ... ...
4.1.1 Successive Application of Midpoint Leading Edge and In-
verse Midpoint Leading Edge . . . . . ... ... ... ..
4.1.2  Successive Application of Midpoint Leading Edge and In-
verse Midpoint Leading Edge Geometric Sequences . . . .
4.2 Logarithmic Time Memoization . . . . . . . ... ... ... ...

W WN — B~

>

11
15
16

18
19
19
19
19
19
20
20
20
20
21
21
21

22
22

23

24



4.3 Constant Time Memoization . . . . . . . . . . ... ... .... 28

4.3.1 Unique Base Encoding . . . . ... ... ... ....... 28
Binomial Convolution on a 1D exponential signal 30
5.1 Weighted Sum to Convolution . . . . . . . ... ... .. ..... 30
5.2 Discrete Fourier Transform To Generate Geometric Sequences . . 32

5.2.1 Spatial To Frequency Domain . . . . . . . ... ... ... 32

5.2.2 Frequency To Time Domain . . . . . . ... ... .. ... 33
5.3 Discrete Fourier Transform To Generate Successive Leading Edges 33

5.3.1 Memoization 0 Operation . . . .. ... ... ....... 34

5.3.2 Memoization 1 Operation . . . .. ... ... ... .... 35

5.3.3 Encoding full memoization within the frequency domain . 35

Rational bases 38
6.1 Expand bases to negative . . . .. ... ... L0 38
6.1.1 Naive . . . . ... . 38
6.1.2 Negative Log Memoization . . .. ... ... ... .... 39
6.1.3 Negative Constant Memoization . . . ... ... ... .. 40
6.2 Expand bases to rational less than 1 greater than 0 . . . . . . .. 41
6.2.1 Naive Rational Approach . . . . ... ... ........ 41
6.2.2 Rational Approximations . . . . ... .. ... ... ... 41
6.2.3 Rational Compromise . . . ... ... ... ... ..... 44
6.2.4 Rational Memoization . . . .. ... ... ... .. .... 44
6.3 Augmentation of Error Tolerance . . . . . . ... ... ... ... 46
6.3.1 On The Topicof Error . . . . . . ... ... ... ..... 46
6.3.2 Relative Error Approximation . . . . . ... .. ... ... 50
Additional Midpoint Property Matrix Facts 52
7.1 Cascade matrix Representations . . . .. ... ... ... .... 52
7.1.1 Separable Vectors . . .. ... .. ... ... ... ... 52
7.1.2 The Diagonal of A Cascade Matrix . . . . . ... ... .. 55
General weights and single iteration solvers 60
8.1 General solution for arbitrary kernels and inputs . . . . ... .. 60
8.1.1 General array function . . . . . .. ... .. 60
8.1.2 Generalized Leading Edge . . . . . . . .. ... ... ... 61
8.1.3 Repeated Convolution Example . . . . . . ... ... ... 65
8.2 General Leading Edge Formula . . . . . ... ... ... ... .. 66
8.2.1 General Formula . . . ... ... ... ... ... ... 66
8.2.2 General Kernel Solutions . . . .. ... ... ... .... 67
8.3 SpecificKernels . . . . . ... ... o o 70
8.3.1 Binary Kernel . . . . . . . . .. ..o 70
8.4 Generalbaseb . . . . . ... ... o 71
8.4.1 Defining the general kernel . . . . . ... ... .. ... 71
8.4.2 Memoization . . . ... ..o 72

8.5 Dynamically Assigned General Base . . ... ... ... ..... 73

ii



8.5.1 Finding the optimal base . . . . .. ... .. ... .... 74
8.5.2 Basesinthe form 2t . . ... ... ... ... ... ... 74
9 Results Comparing The Execution Time of Each Method s
9.1 Positive Integer Domain . . . . . . . ... ... ... 78
9.1.1 Positive Integer Base, Positive Integer Exponent: Func-
tionInputs . . . . ... Lo 78
9.1.2 Positive Integer Base, Positive Integer Exponent: Quartile
Average Charts . . . . . .. .. ... . 79
9.1.3 Positive Integer Base, Positive Integer Exponent: Surface
Charts . . . . . . . . . . 80
9.1.4 Positive Integer Base, Positive Integer Exponent: Heat
Maps . . . . . 81
9.1.5 Positive Integer Base, Positive Integer Exponent: Func-
tion Statistics . . . . . . ... oL oo 81
9.2 Integer Base Positive Integer Exponent . . . . . . . .. ... ... 81
9.2.1 Integer Base, Positive Integer Exponent: Function Inputs 81
9.2.2 Integer Base, Positive Integer Exponent: Quartile Average
Charts . . . . . . . . . . 82
9.2.3 Integer Base, Positive Integer Exponent: Surface Chart . 83
9.2.4 Integer Base, Positive Integer Exponent: Heat Maps . . . 83
9.2.5 Integer Base, Positive Integer Exponent: Function Statistics 83
9.3 Rational Domain, 0 <b <1. ... ... ... ... . ....... 84
9.3.1 Rational Base, Positive Integer Exponent, Error 10~2 and
1078: Function Inputs . . . . . . . ... .......... 84
9.3.2 Rational Base, Positive Integer Exponent, Error 1072
Quartile Average Charts . . . . ... .. ... ... ... 85
9.3.3 Rational Base, Positive Integer Exponent, Error 10~2 Sur-
face Charts . . . . . .. . .. .. 86
9.3.4 Rational Base, Positive Integer Exponent, Error 10~2 Heat
Maps . . . .. . 87
9.3.5 Rational Base, Positive Integer Exponent, Error 10~2 Func-
tion Statistics . . . . . . . ... 87
9.3.6 Rational Base, Positive Integer Exponent, Error 10~8 Quar-
tile Average Charts . . . . . . . .. ... ... .. .... 88
9.3.7 Rational Base, Positive Integer Exponent, Error 10~8 Sur-
face Charts . . . . . . . . .. .. ... ... ... ... 89
9.3.8 Rational Base, Positive Integer Exponent, Error 10~8 Heat
Maps . . . . .. 90
9.3.9 Rational Base, Positive Integer Exponent, Error 10~8 Func-
tion Statistics . . . . . . ... oo 90
9.4 Applications of Geometric Sequences . . . . . . . ... ... ... 90
9.4.1 Taylor Series Function Evaluation . . ... ... .. ... 91
9.4.2 First Order Ordinary Differentiation Equation Solver . . . 92
9.4.3 Physical Simulation of Energy Lost Within An Inelastic

Collision . . . . . . . . . . 95

iii



10 Conclusion 98

10.1 Discussion . . . . . . . . . .. 98
10.1.1 General Discussion of Methods Used . . . . . . ... ... 98

10.1.2 Discussion of Timing Results . . . . . .. ... ... ... 98

10.2 Future work . . . . ... oL L Lo 101
10.2.1 Shifted Exponents . . . . . ... ... ... ........ 102

10.2.2 Expanded Domain For Spectral Solver . . . . . . .. ... 102

10.2.3 Optimizations . . . . . . . . . .. ... 103

10.3 Final Words . . . . . . . .. ..o 103
References 105

iv



List of Figures

T W N =

Binomial Kernel vs Gaussian Kernel Comparison . . . . . . . . .
Relative Error of —m Using Absolute Error Approximation . . . .
Relative Error of % Using Absolute Error Approximation . . . .
Relative Error of m Using Relative Approximation k = 1

Relative Error of 1000 # e * 7 * /2 Using Relative Approximation
k=1 . . e
Positive Integer Solver Quartile Averages . . . . . . . ... .. ..
Positive Integer Solver Surfaces . . . . . . .. .. ... ... ...
Positive Integer Solver Heat Map . . . . . .. ... ... .. ...
Integer Solver Quartile Averages . . . . . . ... ... ... ...
Integer Solver Surface Charts . . . . .. ... ... ... .....
Integer Solver Surface Heat Map . . . . . .. .. ... ... ...
Rational Solver Quartile Averages Error 1072 . . . . . . ... ..
Rational Solver Surfaces Error 1072 . . . . . ... .. ... ...
Rational Solver Heat Maps Exrror 1072 . . . . . .. .. ... ...
Rational Solver Quartile Averages Error 1078 . . . . . . ... ..
Rational Solver Surfaces Error 1078 . . . . . ... ... ... ..
Rational Solver Heat Map Error 1078 . . . . .. ... ... ...
Initial Value Problem Solver ¢/ = y,y(0) = 1,y(t) =¢* . . . . ..

y()
Initial Value Problem Solver y =y + t,y(0) = 1,y(t) = 2e* —t —1 94

Ball Bouncing Simulation . . . . ... ... ... ... ...

93

96



1 Introduction

1.1 Geometric Sequences

1.1.1 Geometric Sequence Definition

A Geometric Sequence will be defined as an ordered set of numbers of the
form A = {a*b" : a,b € Ryi,k € N,0 < i < k}, where i increments by 1,
[a % b9 ax* bl axb? .. axbF. This sequence features three main components
that makes it unique. a, b, k.

’a’ is the scale factor of the sequence. This is able to shift the exponent as
well.

'b’ represents the base of the sequence. This is the common ratio arises when
dividing two neighboring elements ab’*! by ab’ is “Z;;l .

'k’ is the highest value of i within the sequence. This may correspond to the
highest exponent of the sequence if the sequence is not shifted. The length of
the sequence is also dictated as |A| = k + 1.

Values of the sequence may be expressed as A; or a; which equates to the
element of the 0 indexed sequence, or simply ab’.

Z'th

1.1.2 The Uses of Geometric Sequence

Within mathematics and computing, there are several uses for geometric se-
quences. Any sort of iterative method or incremental series might be a candi-
date for geometric sequences. Some examples where these types of sequences
are utilized are the following.

e Taylor/Maclaurin Series function approximations
e Taylor Method Initial Value Problem Differential Equation Solver

e Various physical processes involving energy decay or growth for use within
pendulum motion, bouncing ball, or radioactive decay problems.

These methods do not specifically call for the use of geometric sequences, but
the elements of the sequence are used within the calculations. The calculations
generally scale individual elements of the sequence by some scale factor depen-
dent upon the index. This is how the rebound height of a bouncing ball would
be calculated. Each bounce decays the energy of the system by the common
ratio or its square. Therefore each element in the sequence would represent the
rebound height of the ball after that index’s count of bounces. For usages within
series, the entire scaled sequence might be summed together. The k value would
then be increased to yield a potentially more accurate approximation as is done
within The Taylor Series.

To be able to effectively apply these methods within a computer program,
a geometric sequence solver must be constructed that not only produces the
correct sequence elements, but also produces them in an efficient manner when
compared to similar methods.



1.1.3 Geometric Sequence Generation Methods

There are some techniques that can be used in the generation of these geometric
sequences of length k + 1.

e Generating the sequence can be done by simply evaluating exponentia-
tion of the base and multiplication of the scale for every element in the
sequence.

e A slightly more efficient technique utilizing the previous element’s calcu-
lation as a step towards the current element’s value. There is the recur-
sive technique that involves multiplying the common ratio with the pre-
viously calculated sequence element. This recursive strategy is equivalent
to Ai+1 = A,b where AQ =a

e The first simple evaluation technique can be modified to be parallelized in
which the evaluations are split across multiple compute units to be done
at once.

It is important to note that the problem of generating geometric sequences is
not equivalent to the problem of calculating exponents. Calculating exponents
is a component of geometric sequences, but it does not represent the entire
problem. Any exponent calculation algorithm can be used to generate geometric
sequences.

e The exponent by squaring algorithm is an example of an optimized al-
gorithm that is much more efficient at calculating exponents than simply
using iterative multiplication which is analogous to the first example of
geometric sequence solver proposed above. Exponentiation by squaring
takes advantage of a decomposition of the exponent breaking it down into
squaring and multiplications by x using the binary representation of the
exponent. For example 2!7 = 2100012 — 21(20(20(2%(21)?)2)2)2. The to-
tal geometric sequence elements that are calculated at any time through
this process are [1,z, 22, %, 28, 2% 217]. This method leaves increasingly
large gaps in the sequence that must be filled in as the exponent increases.
These gaps would need to be filled in by manually multiplying leading this
method to be no better than the recursive multiplication approach when
generating an entire geometric sequence.

e A more generalized version of this algorithm is the m-ary exponentiation
algorithm which “reduces to the binary method discussed earlier, when
m = 2” [1]. This m-ary version replaces the squaring operation with
the exponentiation by the m value. The instruction that each potential
unique value of the m-ary string represents is x4 ™°d ™ x (¢)™ where c is
the current number. By following the m-ary string and this instruction
set, the exponent will be reached. This requires a precomputed window
of exponential values to be calculated z°, z!,...,2™!, which is in itself a
geometric sequence. This has the same problem as the m = 2, binary case

since there would still b gaps that need to be filled in.



These methods all operate upon the same principle of recursively multiplying
the common ratio with a neighboring element to yield a full sequence.

1.1.4 Operations Upon Powers of 2

All of the current methods for generating a geometric sequence on a single com-
pute unit rely on this recursive multiplication method. The multiplication of
increasingly large numbers, as outlines within the previous geometric sequence
methods might lead to the overall execution time increasing as well. This body
of work defines new decompositions of geometric sequences that use simple op-
erations such as bit shifting (multiplication or division by powers of 2) and
addition or subtraction to form a sequence of any common ratio. These decom-
positions would require additional steps to represent the sequence, but these
more efficient power of 2 sub calculations might provide a practical reduction
in execution time.

1.1.5 Introduction To Binomials

Throughout this work, binomial coefficients are utilized extensively as solutions
or components of proofs. These coeflicients constitute the rows of Pascal’s
Triangle. This triangle is built in such a way that each number is the sum
of the two elements from the previous row directly above it. The start of the
triangle is shown below.

k=0: 1

k=1: 1 1

k=2 1 2 1
k=3 1 3 3 1
k=4 1 4 6 4 1

There are four properties of these numbers that are known to be true and
used throughout the proofs of this document.

e The sum of each 0 indexed row corresponds to a non negative integer
power of 2 (2°,2%,22...) where the row number is the exponent.

e Each row also corresponds to the coefficients the would be present by fully
multiplying out the binomial (x4 )", where k represents the row number.

e Each row is symmetric.

e Each element within the triangle can be expressed as (¥) ’k choose 1’ or
ﬁ where k is the row number and r is the index of the element within
the 0 indexed row. It does not matter if the element’s index within the
row is chosen right to left or left to right due to the symmetry of the row.



The numbers of the triangle are often called binomial coefficients and are used to
solve counting problems. (]:) represents the number of ways to choose r item(s)
from a set of k unique items where the ordering of the items does not matter.
For example with a set of {a,b,c}, k = 3 so the Pascal’s Triangle row would
be [1,3,3,1]. There then exists 1 ways to pick no items from the set {}, 3 ways
to pick 1 item {a,b,c}, 3 ways to pick 2 items {ab, ac, bc}, and 1 way to pick 3
items {abc}.

1.2 Array functions

In order to logically decompose a geometric sequence in terms of these bit shifts,
the concept of an array function must be defined. For the purposes of this work,
an Array Function will be defined as a function that is performed upon an array.
Although quite simple, the mean or averaging function is an example of one such
function. The mean array function is defined as MEAN(A) = ﬁ Zﬁ‘(;l A;,

|A| being the length of A, and A;, being the zero indexed i** member of A. It is
important to establish these naming conventions as this forms the basis for the
later sections. These array functions, will be defined such that both their input
and output are both arrays. It can be argued that a function who’s output is
just a number does architecturally output an array of size 1. For the purposes
of this paper, we will use this assumption and all array functions will be defined
as a Function : [R] — [R] , where the function takes a real valued array to a
real valued array.

1.3 Patterns

When observing an array of numbers, it is only natural to start and begin to
ascertain some sort of pattern amongst the elements. For some random ordered
set of real numbers, contained within an array, there must be some pattern
amongst them. This is of course a bold claim, but it can quickly be realized
when introducing functions to the array. For example the array A = [-3, 54, 0.5, -
9, 2.5], one might immediately attempt to scan the array for some semblance of a
pattern. There might in fact be some sort of pattern or closed form solution that
explains the sequence such as a Lagrange polynomial, however there is an easier
explanation involving functions. These randomly chosen numbers represents one
of the combinations of numbers that average to a value of [9]. This therefore
gives meaning to A which is simply a random array of numbers.

Throughout this paper we will be conducting a process similar to this for
a different array function in the forwards approach (as was shown above for
MEAN(A) = [9]), but also in its backwards, inverse (MEAN~([9]) = A). This
method requires a different approach as it involves manufacturing some sort of
array who’s application of the given array function is the given input value. For
the case of the MEAN function, clearly there are an infinite amount of possible
values that A might take on in the inverse application. Some of the examples
are [9], [9, 9, 9, 9], [8,9,10], or [0,18]. Each of those arrays are valid inputs to
yield an average of [9], but by imposing some kind of constraint, the domain



can be reduced to a potential unique solution. For example, forcing A to only
consist of single instances of powers of 2 would perhaps pose some challenge to
find a unique array similar to The Subset Sum Problem. For example, an input
of 9 has value of A = [22,2%], while a value of 25 has no solution, checked for
107.
These inputs were checked using the python program found at Section 1/inverse mean.py.

Accompanying this document, there is a command line utility tool that accom-
panies the sections which can be run at main.py. This tool breaks down each of
the functions and solvers created within the following sections into the following
groupings. The grouping names will become more clear throughout the sections.

1. Scalar Functions

2. Array Functions

Matrix Functions

Leading Edge Functions
Memoization Functions

Rational Approximation Functions
Geometric Sequence Solvers

Analysis

© »® N o ooe W

Applications
10. Utility Functions

These ten groupings do not correspond directly to the sections of the paper,
however the actual file system does group the functions based by section. The
inverse mean solver can be accessed at Scalar Functions/Inverse Mean.

This main.py file requires the following libraries to be installed: pydantic,
scipy, matplotlib, pandas, numpy, sympy.

Before generating geometric sequences, some basic definitions must be proven.
Sections 2 - 3 demonstrate the functions required to properly generate these se-
quences.



2 The Midpoint Function

2.1 Midpoint Array Function

2.1.1 Element wise Midpoints

The main array function that will be used within this section is the successive
midpoint which will be defined as follows.

Midpoint(A){[W:iez70<i<|A|_2] 1A] > 1 O
A Al <1

This function is similar to the traditional midpoint formula for two ele-
ments, but is extended to be operable upon an array. The function takes the
midpoint of each neighboring pair in order, outputting the result to a new
array. Assuming there are k elements within the array (k > 1), clearly the re-
sultant array from Midpoint will have k - 1 elements since the last element has
no neighboring pair to its right Midpoint([Ag, A1, Az, ..., Ag_3, Ag—2, Ax_1] )
=[dotd Aitds Ak*?’;A’“*z, Ak*z;A’“’l]. This array wise function accesses
the end values (Ag, Ax—1) once (quantity of 2), and each of the interior values
twice (quantity of - 2), for k - 1 additions and divisions by 2. The total array
accesses is 2(k - 1) for k - 1 additions and k - 1 divisions, resulting in a total
amount of operations to be 4k - 4 when k > 1. This leads to a total worst case
running time complexity of O(k) when k > 1 or a best case running time of
Q(1) when k < 1. Additionally, this algorithm can actually be implemented to
be in place by assigning each new i*" individually calculated midpoint pair to
the i*" slot. This is possible since that value of the original i*" array element
no longer needs to be accessed after its second access. The ending slots could
be filled with INF to denote their non access which yields an auxiliary space
complexity of O(1).

The scalar midpoint function is available at ’Section 2 /midpoint.py’
or within the command line program at ’Scalar Functions/Midpoint’.

The midpoint array function is available at ’Section 2 /forwards midpoint.py’
or within the command line program at ’Array Functions/Forwards
Midpoint’.

2.1.2 Successive Applications of The Midpoint Array Function

Since the Midpoint function has been defined to input and output arrays, the
resultant array could be infinity passed to another Midpoint function. This
recursion would possess a maximum depth before it outputs the same singleton
array. Therefore this recursive structure could generate only a maximum of k
- 1 unique output arrays. Since the input contains n elements, each successive
iteration reduces the output array size by 1, k - 1 passes through the Midpoint
function would reduce the output array size to 1 (k- (k- 1) = 1). This successive
midpoint iterates k - 1 times over an O(k) Midpoint array function, which results
in a final running time complexity of O(k?).



The successive nature of taking this array function has been described in
Discrete-Time Signal Processing as a cascade connection system.

“In a cascade connection of systems, the output of the first system
is the input to the second, the output of the second is the input to
the third, etc. The output of the last system is the overall output.”
2]

This recursive Midpoint(Midpoint(... A)), can be explored at differ-
ent sizes of array A. In the following equations three different array
sizes are tested k = 2, 3, 4. Additionally, A; represents the output
of the i*" iteration of the Midpoint function and a;represents the it"
element of A.

k =2, Ay = [ag,a1], A1 = [WFTGI] :

apg+a aq+ta
k=3, Ag = [ag, a1, as], Ay = [%ofer ade2] 4, = | -

2

] — [a0+221+u2]

o . __Tap+ta ai1+ta as—+a __ rap+2ai1+a a1+2as+ta:
k—4,A0—[ao,al,ag,ag],Al—[02 o 12 2, 22 S]aAQ—[O 41 2, = 42 3}
ag+2ajtay 4 ajt2aptag
Az = + 2 . ]
It appears that some sort of pattern has emerged when examining the coef-

ficients and the denominator. It seems as though the singleton that is produced
is the weighted average of the initial input array’s elements scaled with binary
coefficients.

— [ ap+3ai+3ax+as ]
3 .

|A|-1
1 Al—-1
SuccessiveMidpoint(A) = [2|A|71 Z (l ‘ )ai] (2)
, i

The proof of Formula 2 is the following.

Proof. Successive applications of Formula 1, yields Formula 2.
Taking these successive midpoints on a general array, B, results in a final

scalar m = 2% f:o (]f) b; where b; is the i-th element of the 0-indexed B and
k=|B|-1.
Base Case

Let there be a base B of length 2: B = [by, b1]. The successive midpoint of
this array only has one iteration, m = (bg + b1)/2. Therefore

I
—
S
(=)
_l’_
(=
firy
~—
~
[\)
I

Inductive Step k = p -1
Now there is an array B of length k — 1. Since the array is indexed it can
be split into two different bases.



Bo=B — by, = [bo,b1,....bg_1]. Bi =B —bo = [b1,ba ..., 0.
Assuming that the successive midpoint of By is mg = QP%I Zf;ol (”Zl)bz

. . . 1 p
The successive midpoint of By is m1 = 52 > 1, " 1)b¢+1.

These two points mg, m; can have a midpoint applied to them to find the
final midpoint of B which should be equal to 2% P b (p)

=0 A

This final midpoint m should be equivalent to 5 > (¥)b;.

m = (mg +my)/2

(3 150 €7+ 5 S 7))
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Pascal’s identity: (") +(.",) = (")
Letn=p—1landr=i = (p_.l) + (?_’_1) = (7{’).

Therefore

Il I
R= R
M
- s
Pty $<+ﬁ
I

- —
&
7 N
<o
N———
+
_ﬁ@‘
N——

This means that the successive midpoint returns a binomial weighted arith-
metic mean of the input array. This makes the Successive Midpoint function
and the MEAN array function demonstrated in Section 1.1, to be of the same
class of function. This new function achieves a normalized weighted average by
dividing by the sum of the weights (as shown by the binomial theorem) much
like any other averaging function.

Example 1. Assume an input array of A = [3,9,7]. The successive midpoint
could be easily computed through the usage of Formula 2.



SuccesiveMidpoint([3,9,7]) = L3+£29+1xT — 7 Although verification of this
can be achieved by manually computing the Midpoint for each successive row.
The following matrix, M, represents each of the rows produced throughout the
calculation.

n =3 Ay = [379a7]7A1 = [#7%} = [678]7142 = [6—578] = [7} - M=
7
0

3
6
7 0

O o0 ©

Observing row 0 in this 0 indexed matrix results in the original array Ag,
[3,9,7], which was input into the Successive Midpoint function. The elements
comprising the anti diagonal [7,8,7] represent the terminal elements within each
step of midpoint succession (Ao, A1, As). Finally, the 0" column, denoted as
A’ = [3,6,7], shows the first element from each of the progressions (Ag, 41, A2).
A’ being of course a column vector as opposed to A, being a row vector. It
is important to note that A’ does not note the transpose of A, but rather
the first column of the matrix achieved when combining together the steps of
successive applications of the midpoint. Since both the anti diagonal and A’ are
arrays, they can be passed back as arguments to additional rounds of successive
midpoints. Section 2.2, discusses the case of using the first column as the input
to another round of successive midpoint applications.

The successive midpoint function is available at ’Section 2 /successive midpoint.py’
or within the command line program at "Matrix Functions/Successive
Midpoint’.

2.2 The Anti Midpoint Array Function

This section formalizes how A’ or the first column, can be transformed back to
the original input array A or first row. This A’ will be known as the leading
edge of the matrix, which is equivalent to the first column.

2.2.1 Leading Edge Definitions

First, the notion of this A’ column must be formalized. A leading edge can be
be created by augmenting the process of performing a successive midpoint by
simply appending the first element of each created array including the input to
a new array. This allows the leading edge to be defined in an iterative manner.

Theorem 1. A weighted sum upon an array can be defined as Sy, = ZZZO a;w;
where a; are the elements of the input array A and w; is the weight attributed to
that element. The leading edge is defined in the following way. A’ = [Sy, S, ..., Sk/.
Each element of A’ represents the linear combination of the first k weights with
the first k elements.

Corollary 1. Leading Edge Generation via Theorem 1

The successive midpoint taken upon a continuous subset of elements from
array A taken from index i to index j will result in the iy, element of the (j -
i)' successive midpoint row A;_;.



The Proof of SuccessiveMidpoint demonstrates that the successive applica-
tions of the midpoint formula will yield a binary coefficient weighted sum (For-
mula 2).
Assuming an input array A of length n, clearly the leading edge would be
composed of the concatenation of the singleton arrays created from the successive
midpoints of increasingly lengthened slices of A. When Afi:j], i, j€ 2,0 < i,j <
k—1,i < j represents a subsection slice of A including the elements of A with
indices between and including i, j.
A’ = [sucessiveMidpoint(A[0:0]),sucessiveMidpoint(A[0:1]),...,sucessiveMidpoint(A[0:k-
2/, sucessiwveMidpoint(A[0:k-1])]
g a2 by S (7). DA ()
Assuming A has a length of k.
Base case.
The first element of A’, ay = 5§ = ao.
Induction Step.
Assuming the k
where presumablg ,
by = %%2 im0 ai(kzz) = 2k 5 ZZ 0 aH_l( ; ) the resultant midpoint
of this should be equivalent to 2;«71 Zi:O (k 1) In a similar fashion to Proof

1.
%(%1 2 25702“ (kf) + orz Zz 0 al+1(kz_‘2))
:2A 3 (ao + Zz 2a; (") + Zz Za;("21) + ap—1) (Pascal’s Identity)
*21«7—1 ZizO 2( i )

It has now been demonstrated that the column created in a successive
midpoint matrix is equivalent to the definition of a leading edge in Theorem 1.

The iterative leading edge function is available at ’Section 2/midpoint leading edge.py’
or within the command line program at ’Leading Edge Function-
s/Midpoint Leading Edge.

- 1" row A,y = B is comprised of two elements [bo,b; ]

Oth

2.2.2 Defining The Anti Midpoint Function

Now that A’ is properly defined in terms of A, A must also be able to be defined
in terms of A’. Rather, from some leading edge, how can we return the initial
starting array?

Let us assume some small general 2x2 and 3x3 matrices M that follows the
properties from Corollary 1.

ao aq 4
k=2A= [aO’CLl]a M = ag+ay 0 A’:[a()vaozal]'
2
ag ay a2
k=3A—= [a07a1702], M = a0-|2-a1 CL1-5a2 0 A’:[CLQ, ao—gal ,a0+231+a2 ]
apg+2a;+as 0 0
4

It might not be immediately apparent what function could transform A’ to A.
Since successive midpoints were able to create these A’ arrays potentially some
sort of “inverse” midpoint function could undo the application of the successive
midpoint function.

10



Observing the simple scalar midpoint to be af = ao;‘“, solving for aq,
2a} — agp = ay. Since the first column and first rows share their first element,
ap = af, 2a} — al; = a;. This function serves as the inverse of the midpoint
when applied in the scalar case, but it must be proven to be able to work in the
successive case.

As was done in Section 2.1.1 this anti midpoint must be transformed to be
able to be an array function rather than just upon two points. In order to

formalize this, the anti midpoint array function will be defined as follows.

[2A;+1_A;3i€Z,O§i§|A’|_2] |A/‘>1

AntiMidpoint(A') = {A’ |4 <1 (3)

Where it inputs a leading edge A’ of length k, outputting an array of length
n-1asbeforeifk >1o0r A’if k < 1.

It is important to note that the anti midpoint is not the inverse of the
midpoint. The anti midpoint is only the inverse of the midpoint when operating
upon some number x and 1. 2% —1l=x

The scalar anti midpoint function is available at *Section 2/anti midpoint.py’
or within the command line program at ’Scalar Functions/Anti Mid-
point’.

The anti midpoint array function is available at ’Section 2/backwards anti midpoint.py’
or within the command line program at ’Array Functions/Backwards
Anti Midpoint’.

2.2.3 Closed Form Formula For Successive Applications of The Anti
Midpoint

As was done in Section 2.1.2, increasing general lengths of A’ can be tested to
attempt to glean a hint of a pattern when performing successive applications of
the anti midpoint.

k = 2, Ay = [a), a}], A5 = [20] — ] .

k=3, Ay = [ag, a}, ap], Ay = [2a) — ap, 205 — ai], Ay = [2(2a5 — a)) — (207 —
ap)] = [4a} — 4a) +aj).

k =4, Aj = [af, a}, ab, ab], A = [2a] — af, 2ab, — af, 2af — ab], AL = [4a —
4al + ap, 4aly — 4aky + a}] As = [2(4dal — 4aky + a)) — (4dab, — 4a) + af)] = [8ah —
1250’ 4 64} — ag] .

This pattern might be a little bit more difficult to spot than the successive
midpoint case, but it appears to be the following.

|A"|—1
n_1-a 1A =1
Successive AntiMidpoint(A') = Z (—1)("4‘ 1-i) 2l<| |z )a; (4)
i=0

The proof of Formula 4 is the following.

11



Proof. Successive Applications of Formula 3 yields Formula 4.
This proof follows a similar procedure to Proof 1. We aim to prove that for
a basis B’ = [b(, b],...,b,], the recovered element b, of the original basis B is

given by:
- (=) gi( K
_ k—1) oi /
b, = Z; (—1)*=7 gt (k " Z>b
Base Case
For some basis of 2 elements B’ = [b], )], the resulting b; from the Anti

Midpoint should be equal to 2b] — bj. Since by = bj. We check the formula for
kE=1:

1
a1
bi=3 (-1)" )21<1—z'>b2

i=0

- 1 _ 1
= (- 20<1 B 0>bg + (-1 D2t <1 B 1>b’1
= —b) + 2"}

The base case holds.

Inductive Step k =p + 1

For some new basis of p+1 elements, B’ = [bg, b], ..., )], the Anti Midpoint
(recovered element by ) should be:

P
by = DE Do Py
D Z ( ) p—i 7
=0
This basis B’ can be split into two sub-bases. B = [bf,b],...,b}_;] and
B = [b],bh,...,b,]. Assuming that these bases can have the successive Anti

Midpoints applied to them to achieve m( and m] respectively where they equal
the following:

1) s -1
r_ _l(plz)2z p b

r (p—1—1) oi p—1 /
my = ‘ (1) 2 (p 11— z) biit1)

12



So therefore, b, = 2m} — m(. We substitute the expressions for m( and mj:

p—1
—1—q i p—l
b, =2 (Z(l)(p ! >.2<>( )bf(i+1)>

= p—1—1

p—1 1
_ < (_1)(;0—1—i) . 2(1‘) ( p—= ) b:)
i=0 p—1-:
p
N G 2(1)( p—1 )b;
— p

port —1-(i—-1)
p—1
(—1)P=1=9 900 p—1 B
— p—1—4)"
p—1
=3 (- (p_ 1)b’. +3 (=@ 2(“( P! )b<
i=1 p—i)” i=0 p—1-i)"
1
= (—n)r o (P )y
- (pk) b
p—1 ) 1
FY 0 (P
=1 p—r
p—1 ) p—1
+ -1 (p—1) 2(i)< )b;
> S
-1
-1 (p—0) _ 5(0) b /
+(-1) 2 b1 0 by

_ <(_1)<pp> Lop (Z B ;) b;)
(G ()4 (7))

13



Pascal’s Identity: (g) + (RJL) = (Ngl). Let N=p—1and R=p—1.

_ (p—p) p—1
= (—-1)P -2P< )b’p

p—p

: (S o2 (,2) bg)

=1

_ —1
+(71)(P 0)2(O)< p )b6

p—1-0
P o
= <(_1)<p‘” : 21( P ,>b§> QED.
i=0 p=
Assume the input array of A = [3,9,7] from Example 1. The successive
3 97
midpoint matrix was determined to be M = 6 8 0 , with a leading edge of
7 0 0

A =[3,6, 1.

Example 2. Applying the successive anti midpoint formula on A’ = [3, 6, 7|
SuccesiveAntiMidpoint([3,6,7]) = 4% 7 — 4 x 6 + 3 = 7, which corresponds
to final element within the original A array. Verification of this can be checked
manually, placed column by column into an array to demonstrate that the lead-
ing edge formed upon the 0" row is equivalent to A in its entirety. It should be
noted that the successive anti midpoints are placed into the matrix as columns
as opposed to rows within the matrix to align with the property demonstrated
within Theorem 1.
k=3,4;=13,6,7, A4 =[2%x6—-3,2%7—6] =1[9,8],A, = [2%8 — 9] = [7]
39
.M =

[enlie ]
O O

6
7
Interestingly, the sum of the weights used for each calculation of the Anti-

SuccesiveMidpoint function sums to be 1 and the sum of their magnitudes is
the 3141=1. This is verified in the following corollary.

Corollary 2. Anti Successive Midpoint is a properly weighted arithmetic mean.
By formula 4, the weights of the mean are corespondent to the following sum.
Assuming [A°] =k + 1
All-1 A'|=1-1) i |A'|—1

A7 ~1—i
—k (=) oi k)!
=S, (=1)7Y2 (m)

i=0 (kfi)-'z‘

k
:Zizo -1 z)
=2+ (=1))* (Binomial Theorem)
=1

14



Additionally, taking the magnitude of the weights is equivalent to the follow-
mg.

ST I i S )| = S 2i())

=(2+ 1)* (Binomial Theorem) = 3*

Therefore the Anti Successive Midpoint is a proper weighted mean, with the
added fact that the summed magnitude of the weights is equivalent to 3l4’-1,

The successive anti midpoint function is available at *Section 2 /successive anti midpoint.py
or within the command line program at Matrix Functions/Successive
Anti Midpoint’.

2.2.4 The Inverse of Midpoint Leading Edge

We must first formalize two proposed inverse functions.

MidpointLeadingEdge and MidpointLeadingEdge™!. By the definition of
the leading edge formalized by Theorem 1, the leading edges generated by the
functions are the following. Assume that the big cup indexed union operation
creates the ordered union of these array elements. U‘Al Ya] = A

|[Al-1 i

1 .
Midpoint Leading Edge(A) = U [5 Z (2> a;) (5)
=0 =0
All-1 4
Midpoint Leading Edge ™" U (1 7 97 (]) aj) (6)
i=0 ]:0

For these to be be truly a well defined inverse, Midpoint Leading Edge™! (Midpoint Leading Edge(A)) =
A
For some input array A, MidpointLeadingEdge(A) will create an array of the
general form [ao,aog‘“ 7“”221“‘2, ,2|A| . ZlAl ! (‘Ali_l)ai] as demonstrated in
Formula 5. This then will be used as the A’ input within Formula 6 to output
the general array form of. 4
lag,—ag+29E% ag—4(%Fer)fqet2utey  SAASL(_q)(AITITD 9 (14171 1)
- [ao,al,ag,...]
It is clear that the formula describing the i*" element of this array generated
by MidpointLeadingEdge~ (Mzdpotheadngdge(A)) = A is of the follow-

ing form.a; = 5, (=172 (2) () (Shoo (D))
Which represents the weights of the anti midpoint Formula 4 of length i,
being applied to the corresponding element of the A’ array found by Formula 2.

Lemma 1. Inclusion Exclusion

Sy (D)) (mo= ik s = - k)

=1+ (—1))" = 0% (so0 clearly when i I= k the sum is 0)
=i (-1 )9 ( ;) (setting k := i, collapses the sum to a single term
where j = i)

15



—(=1) (.2) =1 (i=k, sumis 1)
S (1) (k) = {; -

else

Proof. Formula 6 Is The Inverse of Formula 5

0= Y5 (D2 () () (Shoo (o))
=Tm0 Theo (D7 () (D
=Yoo Dok ("D (5) (D (Reindexing)

=> 0 (1) > ik (—1)t=D (}) (;:’Z) ar (Vandermonde’s identity)
=m0 @ (1) X5k (1 (25)
S b Gk (:) (The interior value of the outer sum is equal to 1 when k = i else
0 by Lemma 1)
=a;
Therefore MidpointLeadingEdge and the inverse operation are properly de-
fined in Formula 5 and Formula 6.
The successive anti midpoint function is available at ’Section 2 /inverse midpoint leading e
or within the command line program at ’Leading Edge Functions/In-
verse Successive Leading Edge’.

2.2.5 Successive Midpoint Property.

Finally, the successive Midpoint Property can be defined for a matrix.

Theorem 2. The Successive Midpoint Property as applied to a matriz
Let M be a square matriz of size n by n, initialized to zeros. M possesses the
successive midpoint property if any of the two conditions are met.

1. Each row of M besides the first row is the array defined midpoint of the
previous row, with null values denoted as 0.

2. Each column of M besides the first column is the array defined anti mid-
point of the previous column, with null values denoted as 0.

The matrix that is created to follow these properties is defined as the Cascade
Matrix. The elements of this matrix are solved to be the following where M is
a one indexed array. This means that for any input array, the cascade matrix
created from

M; ; = SuccesiveMidpoint(Alj : i+j—1]) = Successive AntiMidpoint(A'[i : j+i—1])
(7)
These two properties have been shown to be equivalent through showing the
inverse property holds for Formula 5 and Formula 6. A matrix generated by
either a successive midpoint of A as an input row or the matching A’ column
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as a successive anti midpoint will be equivalent. Both A and A’ are unique to
the initial column or row that generates them.

It is important to note that the inverse of the SuccessiveMidpoint function
is not indeed the SuccesiveAntiMidpoint function. This clearly can be demon-
strated through the fact that SuccessiveMidpoint outputs an array with a singu-
lar value, rendering SuccesiveAntiMidpoint to default to the base case returning
its input value in AntiSuccesiveMidpoint(SuccessiveMidpoint(A)). The inverses
are only defined for the leading edges that are generated by taking the first
element of each successive iteration of the midpoint or anti midpoint upon the
inputs.

17



3 Applications of The Successive Midpoint Prop-
erty

Section 2 has formalized the notion of the cascade matrix for an arbitrary input
row A or column A’. Using this arbitrary input has only the apparent benefit of
creating a weighted arithmetic mean upon the elements. This could be useful
in situations in which the inputs have an some order where elements around
the center require an increased weight than those further from the center. The
effect of this binomial filter is very similar to what would be a discrete gaussian
kernel or even a triangular kernel.

The following image, visualizes the binomial kernel and gaussian kernel for
different lengths.

Figure 1: Binomial Kernel vs Gaussian Kernel Comparison

Binomial Kernel Evolution Gaussian Kernel Evolution
05 0.5
0.4 0.4
0.3 0.3

Weight

0.2

0.1

-20
-40 Distance from Center

Array Size (N) 0 Array Size (N) 0

-40 Distance from Center

This is a widely used technique when applied to an arbitrary input. It can
be applied to two dimensional kernels for imaging or one dimensional kernels
for signal processing. However, the remainder of this discussion will make use
of the formulae proven within Section 2 applied onto a class of specific input
arrays to generate geometric sequences. Input arrays (rows and columns) will
be denoted using augmented big cup notation to denote the union of arrays.
This Ufzo[] will not result in the union of elements of a set, but in fact the
union of the singleton arrays within the operator. This is equivalent to simply
concatenating or appending the current array to the running array preserving
the order. Input rows will continue to be defined as A while output columns
will be defined as A’ .

18



3.1 Constant Input Array
3.1.1 Input Constant Row Leading Edge

Let the entire input row be defined as such A = Ufzo[c] where c is some constant
and k is the desired length. Clearly the successive midpoint applied to this
input will result in an cascade matrix completely comprised of c. The midpoint
between ¢ and c results in itself. Therefore A’ = A.

By Theorem 1, the p** 0 indexed element of A’ should be 2% P o ai (1;)
(Formula 2)

Since a; = ¢, this can be substituted,

b S gel)
:% = C

k
Al = Ui:o[c}

3.1.2 Input Constant Row Inverse Leading Edge

Now the resultant leading edge for the anti midpoint case can be found when
using an initial constant input.

A =Uld

By Theorem 1, the p** 0 indexed element of A should be Y7_, (—1)(”_2) 21(")a]
(Formula 4)

a; has been demonstrated to be ¢ for all i.

P (~)P 2 ()e

=c(2 + (—1))? (Binomial Theorem)

=c
k
A =Ui-old]
Within both the leading edge and the inverse leading edge, the constant
input is unchanged by the operator. This makes the constant input to be the
identity of this system.

3.2 Linear
3.2.1 Input Linear Defined Row Leading Edge

k .

A =U;_olai +b]

By Theorem 1, the pt* 0 indexed element of A’ should be 2% f:o a; (’Z’ ) (Formula
2)

Since a; = ai + b, this can be substituted,

—a 0 (ai 1))

_a p - P
T 20 2a=0 i(7) + 35 Xt (7)
apgp 4 b

—
A =Ug +Y)
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3.2.2 Input Linear Defined Row Inverse Leading Edge

A =U,_glai +1]
To express A in terms of elements of A’, the p" 0 indexed element of A is
expressed as Y 7 _, (—1) P9 9i (P)a} by (Formula 4)
ap = 0o (1) 20(?) (ai + b)
P (1) 21 (P) (ai + b)
Let f(z) = (22— 1)?
1(2) = Xl (1" 22)'(3)
f/(Z) _ Z?:O i (71)(?*1) i pi—1 (177)
4 (22 — 1)P = 2p(2z — 1)P~!(Chain rule)
P o (=1)77 21 (%) (ai + b)
= (az Y7o i (1) 217121(B)) 4 b (z = 1) (Section 3.1.2)

=azf'(z)+0b
=2apz(2z —1)P~L + b
=2ap+b

A= [2ai +b]

3.3 Quadratic
3.3.1 Input Quadratic Defined Row Leading Edge

A= U?:o [ai® + bi + ]
By Theorem 1, the p‘* 0 indexed element of A’ should be 2% P oai (1;)
(Formula 2)

Since a; = ai? + bi + ¢, this can be substituted,
a, =g5 24 _g(ai® + bi + o) (5)

=% Z?:o i (IZ) + 2% ?:0 Z(f) + 5% ?:0 (IZ)
:ap<p+2£>2"*2 n b<p+21;2P*1 +

—ereh) v

A = Uftzo[a12+2(a+ib)+2b+4C]

3.3.2 Input Quadratic Defined Row Inverse Leading Edge

A = U [ai® + bi + ]
ap =3P (~1)P D2 (P)(ai* 4 bi + ¢) (Formula 4)
It has been shown that when
f(z) = (22 = )P, f'(2) = 2k(22 — 1)P~*
Then f"(z) = 4p(p — 1)(22 — 1)P~?
f(z) = (im0 (*1)@%) ZZ?Z (17)))
F'(2) = (Thi ()77 27121 (7))
1(2) = (Sh_gili = 1) (=177 217220(2) |
F(z) = ( /Zi}zo i2 (71)(1)72) Li—29i (1;)) _ f:o i (71)(1)72) Li—29i (1;))
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F1(z2) = (202 (—1)P" 27291 (P)) — 2p (Section 3.2.2)
2(f"(2) + 29) = (L7 82 (-1) 7 221 (7))

= 2%(4p(p — 1)(22 — 1)P7% + 2p)

=(plp—1)+2p) (z=1)

a, = a(4p? — 2p) + 2bp + ¢ (Section 3.2.2)

a, = 4ap® + 2p(b—a) + ¢

A= Uf:O[élaz'Q +2i(b—a) + ]

3.4 Exponential

3.4.1 Input Exponential Row Midpoint

k i
A=J;_glab"]. 4
ar, =55 > h_oab’(?) (Formula 2)

Ty S
=55 (b+ 1)P (Binomial Theorem)

~altp

A= Uola(552)7].

—~ T

3.4.2 Input Exponential Row Anti Midpoint

Now lets assume that the A’ is in the exponential form

A" = lab]

To express A in terms of A’

ap=>", (—1)P= i (P)ab® (Formula 4)

= i=0 (_1)@_1) 2'(7) ab’

—a3, (-7 @07 (7)

=a((2b) + (—1))? (Binomial Theorem)

=a(2b—1)P

A =Ui_ola(2b— 1)

This exponential input array forms the basis for the rest of the sections. For
some input array A that is a geometric sequence, the resultant A’ will also be a
geometric sequence, but with a shifted base.
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4 Positive Integer Based Geometric Sequences

Section 3.4 demonstrates that taking the successive midpoint or successive anti
midpoints will create a leading edge that is a entirely comprised of sequentially
increasing exponentials. This leads to the creation of two additional formulas
specifying the initial exponential input in Formula 5 and Formula 6. The fol-
lowing Formula 8 and Formula 9 collapse down the summation logic from the
original formulas. This again uses the assumption that the big cup operator cre-
ates the ordered union of an array as defined within Section 3. The inputs and
outputs of both of these formulas are geometric sequences. Using this method-
ology, geometric sequences will be created from some arbitrary starting b and
will result in an ending base of b’.

n—1 n—1

Midpoint Leading Edge( U [ab’]) = U [a(HTl)l} (8)
=0 =0
n—1 n—1
MidpointLeading Edge™( U [ab’]) = U [a(20 — 1)7] (9)
=0 =0

Formula 8 states that taking the successive midpoint upon a geometric se-
quence of base b will result in a new leading edge series of base ”JFTl Formula
9 dictates that taking the successive anti midpoint will create a new leading
edge series of base 2b-1. Recursive usages of Formula 8 and Formula 9 could
potentially map any starting base b, to a desired resultant base b’. Section 4
will define the techniques that will facilitate this goal.

Yet another successive function must be created, which is the successive
application of the successive midpoint and anti midpoints. The relationship
between the input base of the geometric series array and the output must be
defined. Using Formula 8, it is apparent that for an initial base of b, the resultant
base will be HTI upon the leading edge when successive midpoints are applied.
Via Formula 9, the resultant base from an initial base of b is 2b-1 upon the
leading edge for an application of the successive anti midpoint. For both of
these relationships, the coefficient 'a’ can be neglected as it is unchanged as a
linear scalar. The following formulas simply represent distributing the ’a’ scalar
across the resultant vector.

n—1 n—1
o ‘ i b+1y;
a * Mzdpotheadngdge(ZL:JO[b D= ZL:_JO[a( 3 )] (10)
n—1 ) n—1 ]
a * Midpoint Leading Edge™*( U [b']) = U [a(2b —1)"] (11)
i=0 i=0

4.1 Swuccessive Applications and Base 2 Memoization

Both Formulas 10 and 11 demonstrate the distribution of the ’a’ scalar when
applying MidpointLeadingEdge and its inverse upon a generic geometric series
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(ab¥). Since the coefficient can be distributed out of the array, 'a’ will be just
assumed to be disregarded for the calculations within this section without loss
of generality a = 1.

4.1.1 Successive Application of Midpoint Leading Edge and Inverse
Midpoint Leading Edge

Since a single application of MidpointLeadingEdge transforms the geometric
sequence base f(b) = %1 =¥/, assuming f to be a generic function defined only
for the scope of this sub section. How would the transformation of additional
applications of this function correspond with respect to the initial base 'b’?

n = 2, representing ab two successive applications of the transformation.

+1

FF0) = f(b5h) = 25 = 2

n=3 btit2 4 g

SFEO) = F(H5E2) = =4 = b

Clearly there is a pattern emerging of the following form, where n represents
the recursion depth.

n—1 [ n
f(b7 n) — b+E§io (2") _ b"r(gn—l) _ b2—n1 + 1

b—1
on

MidpointBaseChange(b,n) = +1 (12)
Proof. Formula 12

Proof by induction.

Base case.

n = 1, equivalent to simply taking a single execution of the base change
HOESSS

Midpoint BaseChange(b, 1)

_b—1 1

=5 +

_ b—142

Cast

—2 = f (b)

Inductive step.

Assuming that when n = k, up the the k" iteration, Midpoint BaseChange(b, k) =
E 4L

The k-+1*" iteration should be equivalent to Midpoint BaseChange(b,k +
1) =224 +1

This can be calculated by applying f to the k' iteration.

f(Midpoint BaseChange(b, k))

=f(g= + 1)

RC == na

2
b—142x2k+1
SkF1

2
_ b—142F*F2
— T ok+2

b-1
=5t +1
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For the base change of the MidpointLeadingEdge inverse, a similar approach
can be taken to find the resultant pattern of the base change function g(b) =
2b — 1. However this is unnecessary since it is already known that the base
resulting from f can be undone by applying g onto it. This means that g = f~!
from the inverse proof.

Since MidpointBaseChange(b,n) = %—1—1 =1/, simply solving for b should
produce the inverse function.

V=41 +1

2" -1)+1=0b

This means that Midpoint BaseChange™!(b,n) = 2"(b—1)+1. This appears
to be a new formulation although upon inspecting the terms it appears to be
almost identical to its inverse MidpointBaseChange with the only difference
being the power of the n within the 2.

Therefore it can be concluded that the inverse of MidpointBaseChange is
equivalent to itself with an inverse sign n.

Midpoint BaseChange™(b,n) = Midpoint BaseChange(b, —n) = b’ .

This makes perfect intuitive sense since if it takes n steps to reach b’ from
b, then it will take n steps backwards (-n) to reach b from b’.

4.1.2 Successive Application of Midpoint Leading Edge and Inverse
Midpoint Leading Edge Geometric Sequences

Using the formal constructions from these past sections, a simple set of geometric
sequences can be created. Using MidpointBaseChange, it is possible to generate
these exponential sequences by defining only two free variables n, b, or b’.

n := integer defining the desired number of steps

b := real value defining the initial base for the input geometric sequence
array
b’ := the resultant base for the output geometric sequence array after n

applications of the leading edge formula.

The following value k, must always be defined.

k := positive integer defining the highest desired exponent to be calculated

The following formula unifies both the leading edge formula and its inverse.
This is done by utilizing the extensions created within Section 4.1.1 to form this
generalized formula of geometric sequences.

k
Successive LeadingEdge(b,n, k) = U [(
i=0

b—-1

5+ 1)) (13)

Example 3. Random application of Formula 13

Let b= -4, n=3, k=2.

This will form the following geometric sequence. [1, =35+ + 1, (=55+ + 1)?]
=15 &l

Using the formula to find the resultant geometric sequence is the easy way.
It can still be calculated manually by using successive implementations of the

leading edge formulas.
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Since n is positive, it is equivalent to using the successive midpoints upon
the inputs.

This will require 3 applications of the successive midpoint formula, the 0
application corresponds to generating the inputs, k=2 b=-4 [(—4)°,(—4)!,(—4)?]=[1,-
4,16].

n=1
1 —4 16
-15 6 0
225 0 0
n=2
1 —1.5 2.25
—.25 375 0
.0625 0 0
n=3
1 —.25 .0625
375 —.09375 0
140625 0 0

Which correctly generated the geometric sequence on the final leading edge.

However interesting it may be to generate random geometric sequences by
just taking a few midpoints, defining the resultant basis b’ is more useful. This
frees up either the initial base b or n number of iterations. For now, the base b
will be set, leaving n to be free.

b = %2 +1 (Solving for n)

(-1
b—

n= logg(%)

Since the logarithm has been introduced, n might not be an integer for all
input values of b and b’. This is problematic since the algorithm must be able to
be reliable in generating all bases. The variable n requires an integer constraint
so it might be more helpful to have n be fixed while b is free to vary.

b = %1 +1 (Solving for b)

2" -1)+1=b
Example 4. n = 10, b’ = 10000

b= 219(10000 — 1) + 1

=10238977

It is theoretically practical to pursue a base generation such as this, but it
fails to provide any real benefits. The geometric sequence of the initial base
would have to be calculated for each new generation. The starting base might
even be larger than the desired final base as shown in Example 4. Arbitrarily
defining a number of iterations is not intuitive and can be set to any integer
value which will shift the starting base. A new strategy must be devised in
order to use an easily calculable geometric sequence that will produce a fixed
number of integer iterations.

The successive leading edge function is available at *Section 4 /successive leading edge.py’
or within the command line program at ’Leading Edge Functions/-
Successive Leading Edge’.
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The inverse successive leading edge function is available at ’Sec-
tion 4/inverse successive leading edge.py’ or within the command
line program at ’Leading Edge Functions/Inverse Successive Leading
Edge’.

The formulaic leading edge function (Formula 13) is available at
’Section 4 /successive leading edge formulaic.py’ or within the com-
mand line program at 'Leading Edge Functions/Successive Leading
Edge Formulaic’.

4.2 Logarithmic Time Memoization

This section will define an encoding technique that standardizes the initial base
to 2 while providing a fixed memoization instruction set used to calculate a
desired positive integer basis b’ greater than 2. This base of 2 is selected as
the initial geometric sequence input as an easily calculable sequence of bit shifts
that can be reused for multiple calculations.

Since the desired output basis b’ is a positive integer greater than 2, the
leading edge generated by successive iterations of the anti midpoint function
should be utilized. However it is not enough to simply utilize Formula 13 by
setting b to 2. A new function must be devised to be able to utilize the successive
anti midpoint function to yield a generic basis b’. Since the anti midpoint
function when applied to a base b and 1 results in 2b - 1 = ¢, this function
will be used to build up from 2. The anti midpoint of b and 1 is utilized to
define the b’ since the first element of a geometric sequence of this nature will
always be 1. However since the inverse of this function is exactly equivalent to
the midpoint of ¢ and 1, 6‘51 = b. Since c is a positive integer, b will always be
either an integer or and integer added to one half. This behavior is resultant
from the parity of c¢. Noting this parity of ¢ as a boolean value bool(c mod
2) which is equivalent to finding the parity of b, f(c) = LC'QHJ = b, 1 for even
0 for odd. The function allows for ¢ to be recovered either by performing an
anti midpoint between b and 1, or simply multiplying by 2. This will form a
complete instruction set that will allow for the full recover of the desired basis
b’ from an initial basis of 2. It now must be proven that successive iterations of
this function will result in 2 for any input. This is to ensure that for any input
b’, there exists a valid sequence of steps that can be result from 2 back to the
original b’.

Lemma 2. |¢H1]| = [£]

This is a basic analytical proof. Since c is a positive integer its parity is
either even or odd.

Case 1: ¢ = 2k, k is an integer, c is even.

[+ ]

2

:L2k2+1J

=Lk +3)

=k

This is equivalent to [£] = [2£] =k



Case 2: ¢ = 2k+1, k is an integer, c is odd.

This is equivalent to [§] = 2’“;1] =[k+ %] =k+1
Therefore Ve € N, [ <EL| = [£]

Proof. Successive Applications | “f1 | will eventually equal 2.

It will be more computationally efficient to perform an equivalent statement
L%lj = [5] (Lemma 2)
Let f(x) = [§]. fu(z), equates to the composition of f with itself n time.

fi(@) = f(2), falz) = [T
Claim 2: f,(z) = [ 5% |

Proof By Induction

Base Casen = 1[[57]] = [§]
Inductive Case Assume n = k is true, fx(x) = [g%] then fry1(2) = [55 ],

2k
must be show to be true.
[ztm] — [lzltmy

By utilizing Theorem 3.11 from Graham, Knuth and Patashnick, p.72.

3]

[etm] = [l

Let m = 0 and n = 2*

folw) =51 =71

fe(3) = fir (@) = [T

Since 2* is a positive integer,

[0 =[]

Since Claim 2 has been shown to be true Claim 1,f,(z) will always equate
to 2, can be shown to be true.

limy, oo+ fn()

When approaching from the positive side, clearly the inner % will converge to
0. However since the inner 5 will always be slightly above 0 when approaching
from this side, the outer ceiling will always round up to 1 once it reaches this
point.

This means that the memoization must always terminate once 1 is reached.

The only way to get toa b = 1is from a ¢ = 1 or 2. [§] = b. Therefore a
value of 2 must will always be a step within every memoization. Additionally,
the memoization will always start with 0. Denoting the initial scale from 1 to
2.

his allows for two inverse algorithms to be created. First an initial mem-
oization function that is able to take in a b’ and output the memoization bit
string that will correspond to the anti midpoint and scale by two operations
that are necessary to recover b’. The inverse of this function can also be created
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which will take a memoization bit string as input and return the desired b’, by
following the recovery functions. Both of these algorithms run in logarithmic
time, O(lg(b)) since the repeated division by two is equivalent to lg(b). This is
due to [5:5+] ~ 52+

=1

PIES

Y = 2n+1

loga(V)—1=n

Since n represents the number of iterations of f or the number of elements
within the memoization, O(logz(b’)). This means that the length of the output
bit string will be [loga(b')] which rounds to the nearest inclusive integer.

The log time memoization function is available at *Section 4 /positive integer log memoizat
or within the command line program at ’Memoization Functions/Pos-
itive Integer Log Memoization’.

The log time memoization recovery function is available at ’Sec-
tion 4/positive integer log memoization base reconstruction.py’
or within the command line program at 'Memoization Functions/Pos-
itive Integer Log Memoization Base Reconstruction’.

4.3 Constant Time Memoization

The running time of the memoization technique from Section 4.2 does run in
logarithmic time which does not represent a significant bottleneck within the
overall running time complexity of a proposed universal geometric sequence
generation algorithm where a single iteration would be in O(k?). This unified
algorithm would have an running time of O(k?logs(b))since the memoization
has been show to be of length [loga(b')]. There is an easy substitution that can
be made to alter this log time memoization technique to run in constant time.
This would not change the running time of the full solver algorithm since the
memoization execution would still be of the same length, but it does solidify
this memoization into a unique base encoding.

4.3.1 Unique Base Encoding

By analyzing the resultant memoizations produced by the log time memoization
technique, it is apparent that these bit strings uniquely encode the input base
b. If the encoding transformation can be identified then a simple function can
be produced to to replace the log time memoization.

f(s,i) = 2s—m; where m; represents the it" element within the memoization
and s represents the initial starting point of the progression will be used to
represent the result from each stage of the memoization. Since the 0 bit represent
multiplication by 2 and the 1 bit represents multiplication by 2 followed by
subtraction by 1, this formula correctly outputs the stage. The succession of
this algorithm proceeds as follows.

f(s,0) =2s —my

f(f(s,0),1) =2(28 —mp) — my = 4s — 2mg — my

F(f(f(s,0),1),2) = 2(4s — 2mg — mq) — mg = 8s — 4mgy — 2my — My
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Clearly another pattern is emerging involving powers of 2.

Since the input array for this section’s progression begins with powers of
2, s = 1 with mg = 0. s = 1 aligns lim,_,[b'/2"] = 1. Additionally, each
memoization will begin with a 0 as its first element as shown within Section 4.2.

It appears that the recursive applications of f, is represented by. b =
9[loga(b)] _ Zi”:"gﬂbﬂ*l 9lloga(b)]=1=ipy,.

Solving for the summation transforms the formula into Zi”:oogQ(bN ~1gfloga(b)1—1—ip, —
2llog2(b)] _

The summation term clearly is the decimal representation of the memo table
where myq is the most significant bit. This means that converting 2[t92()1 —p
to base 2 will result in the binary encoding of the memo table with the most
significant bit needing to be read first.

ConstantTimeMemoization(b) = (2110921 _ p), (14)

Proof. Formula 14

Proving Formula 14 is equivalent to proving the recursive relation f(s,n) =
b=s2"tt — 3" 2" m,;. where [log2(b)] = n+1 which is an argument to f.

Proof by induction.

Base Case. First iteration of f, n = 0,

f(s,0) =25 —myg

=52 — E?:O 20_imi

=25 —my

Inductive case. Assuming the k' iteration of f = f(f(f(...f(s,0)...)),k —
1), k) = 52K+ = SO ok—ipy,

So the k + 1t iteration should be equivalent to s28+2 — S ¥4 ! okt1—ip,

Therefore f(f(f(...f(s,0)...)), k), k + 1) = 2(s2k+1 — Zf:o 2P =imy) — maaa

—gok+2 _ Z§:O(2k+1—imi) — Mg

s2k+2 Zfiol 2k+1=im, (Absorbing term)

This allows for memoization to be completed in constant time using For-
mula 14. This constant time complexity does depend on the efficiency of the
underlying implementation of [logs(b)] and the ease of access of the binary
representation of the difference 2/t092(0)1 — p.

Putting the memoization, together with the successive anti midpoint leading
edge generation allows for a complete positive integer geometric sequence solver
to be constructed. Starting from only array of 1’s, the geometric sequence of
any positive integer base can be constructed through only multiplying by 2 and
subtractions.

The constant time memoization encoding is available at ’Section 4/positive integer constan
or within the command line program at 'Memoization Functions/Pos-
itive Integer Constant Memoization’.

The full positive integer geometric sequence solver is available at
’Section 4 /positive integer sequence.py’ or within the command
line program at ’Geometric Sequence Solvers/Positive Integer Se-
quence’.
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5 Binomial Convolution on a 1D exponential sig-
nal

It has been shown that applying the successive midpoint operations is equiv-
alent to a weighted average of scaled binomial coefficients. For the case of an
exponential input the following represents the exact solution for the successive
midpoint applied k times across an input of length k 2% Zf:o b (f) The initial
input k is simply a geometric sequence of base b that has been transformed by
the cumulative sum of binomial coefficients. This section will view this input
geometric sequence not as simply an array, but as a one dimensional signal in
the time domain. This will be specified for signals of exponentials in both the
discrete and continuous spaces.

5.1 Weighted Sum to Convolution

Taking the simplified successive midpoint formula 5% ZZ 0 b (l) is the following

construction 2‘[b0,b1,b2...,bk}[(0), (f)(z)]’ This linear combination is not

immediately in the form of a convolution, but the application is equivalent.

Proof. Representing the successive midpoint formula as a convolution
2 Zisg (1)
=or Zz Oblz'(k Bl
=k! Zz 0 riLI )l

=k om
I IO BIC=1E L)

Now this can be represented by the following Cauchy product (removing the
scale factor k!).

o (F(3)) Cio(Em ()

Let f(z) = (4(%)®) and g(z) = (£(3)*) which are discrete functions over
the interval [0, k].

Therefore the convolution between these function, f*g = Zf:o f(@)g(k —1)

)*)
15)

An interesting result from this follows from the f and g functions that are
being convolved. Both of these functions are almost identical and follow this
relationship f(z) = b*g(x). Now before running through the calculations for

k k
e 2 (1) = w0 = Y 10000760 = (5190 = (55
(

the anti midpoint convolution from this initial sum Zf:o (—1)(k7i) 21 (’:) be, it
is immediate to tell that the (—1)* " would end up within the g(x) function
for the resultant convolution while the 2* might end up within the f with what
might be an even more straight forward proof than the previous.
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Proof. Anti midpoint convolution
k k—1) o (k\ 14
Zi:o (_1)( z) ( )bl
k k— ;
=iz (=1 )( K Tz'(k z)'bz
k 2b)* 1)kt
=k! Ei:o(( il) )(((kzz)| )
For this function f(z) = (Qb) ;g(x) = (_wlg)
This raises the question of some sort of generic class of transformations that
would not be represented by a midpoint or anti midpoint, but rather something
with generalized weights cg, c;. These weights would be applied to the input in
opposite order since, in the anti midpoint case the 2! is applied to the second
element when the (—1)? is applied to the first element, —lag + 2a;.

k
c o (k
Generalized BinomialTrans formation(A, co, c1) = Z i ( > a;, k= |A]—1
i
i=0
(16)
This would represent essentially the successive application of this generic ele-
ment wise transformation cyag + cpa; similarly to how the array wise midpoint
was constructed.

Proof. Successive applications of general linear transformations coag + cya; of
two elements results in formula 16

Proof by induction.

Base case k=1, should result in ciag + cgaq

Zf 0 chey™ l(k)al

=c)e1 () ao + cdei T (§) an

=C1a0 + Coa1

Induction step7 |A| = k+1 then assuming the generic transformation applied
to AJ0:k-1] = Zl 0 céc’f%*l (k 1)al and the generic transformation applied to

ALK = ZZ Lch 1c’f7i(f_11)a“ the it must be shown that the generic transfor-
mation applied to A[0:K] ZZ o Chek™ Z( )a;
Applying the generic transformation upon the successive generic transforma-
tions of the array slices cl(Zf_ol AT (N a) + o(SF et (R D ay)
k—
S (U ) D)+ S (b (4 f)a )
k— k—
coel 0( 0 ) 0"‘2 (0661 Z(
k=1 i k— k k-1
—ckao + 310 (chel ™ ("7 @) + 205 (chel z(Z 1)ai) + car
k—1 _
=clao + 200, ((771) + (’Z_ll))(CBC’f ‘i) + cfar
k— _ _
=cfao + S (7)) + (20 (chet ™" an)) + cfan
*Zl 0( )0001 a; (Pascal’s Identity)
Now for the convolution transformation of this generic transformation is of
the following form applied to a generic input.

C
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Proof. Generic binomial transformation expressed as a convolution applied to
a generic 1nput

0 o

=20 Clg chﬂ(kk! 1 i
k—1

—k‘Zz o(ct?“ﬂ%)s)

Let f(z) = <=, g(x) =%
So the convolution is expressed as

k

k—
D

=0

k
A (§)e=wr w0 =03 st
7 =0

— i), () = (

ciay 5

):9(x) = (=7

:E!)
(17)

z!

Therefore the generic binomial transformation has been shown to be true
so clearly the successive midpoint and anti midpoint functions are just specific
elements of this function class. For the successive midpoint, ¢g = ¢; = = and

for the successive anti midpoint cg =

71,61 =2.

2

5.2 Discrete Fourier Transform To Generate Geometric
Sequences

5.2.1

Spatial To Frequency Domain

Now that the generic binomial transformation formula has be converted into a
convolution expression between two function, a Fourier transformation can be
attempted to gain efficiency in this algorithm.

Proof. Applying the Discrete Fourier Transform DFT X(n) = Z heo " z(h)e

F(n)
case.

clay\ =2mihn

= Yo (Ft)e =N " G(n) =

N-1
h=0

—2wihn

wihn
(7% )e ~  in the generic a,

For an input signal of a geometric sequence of base b however it can be
written as follows.

F(n) =

domain.

Therefore the convolution k!(f * g), F(k!(f

in

—2mi —2m
N—1 (crbe Nm)h’)( N-1 (cpe” N

—k|(
—k\(

h=0 h!

h=0 7l h=0 Al

— CZh Coz
N Leabe)y (SN (o)t (Lot 2 = e

h!

)h)

—27

—2min
N—1 (cibe” N )P N—1 (coe” N
( L 7G(n) = h=0 ( °

h!

—2min

in n
)" within the frequency

+9)) = KF(n)G(n)

)

Clearly by taking N — oo, with a large enough sampling rate, the sums
approach what would be the Maclaurin series of some shifted exponential.

el® =

h=0 qfu
90 Zh o (clbz) — ec1bz (q _ Clb).
o (COZ’) = %% (g = CO)

Zh=

Therefore limy 0 k(3" 70 (Cl,l;z)h )(
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:k!ez(clb-i-co)

—27min
X (n) = klelerbteo)e ¥ " which is calculated over some sampling range N.
5.2.2 Frequency To Time Domain

Proof. Applying the Discrete Fourier Transform DFT z(n) = +; ,]:[:_01 X(h)e* "

—2wihn

X(n) = klelarbteo)e N
— X( ) kL ZN 1 (c1b+co)] 7’2}'\;}”‘ since (eqac _ 20:0 %)

N-1 N 1 (c1b+c —2’”’”'
N —“;we pF)

N 1 —27rzh(n 7)
= (clb“‘)) Z ‘e (Swapping Sums)
N—1 =—2mih(n—j) N N n =

h—o © N =0 J Due to the orthogonality of the roots of

else
unity.

x(n) = k‘!(clbj;i,co)n

Since when n£k, satisfies this condition.

x(n) = (c1b+ co)™

Therefore this shows that for the successive midpoint where ¢; = ¢y =
z(n) = (%2)" which falls in line with the expected value.

This full loop does represent a time complexity increase from O(n?) where
every single row of an n x n cascade matrix would have to be operated upon
to O(nlnn) by using Fourier Transforms to represent the multiplication of the
functions in the frequency domain. Although this method is quite useful for
finding a midpoint leading edge. Essentially in order to calculate that final
exponent value N - 1, you need to iterate k though the other values up to N -
las well. This therefore generates the leading edge in a similar fashion to how
the matrix in the time domain would find the leading edge upon the 0*"column.

1
2

5.3 Discrete Fourier Transform To Generate Successive
Leading Edges

The methods defined within 7.2 have shown that it is possible to generate a
leading edge in a more efficient time complexity than simply taking successive
midpoints, successive anti midpoints, or even a general linear transformation
of two terms. However this only is able to generate one iteration, which is not
sufficient for generating any arbitrary geometric series using only midpoints and
anti midpoint constructions as has been previously defined. The Discrete Fourier
methods as proposed in Section 5.2 must be extended to involve the usage of the
memoization supplied by ConstantTimeMemoization or LogTimeMemoization.

It can be naively assumed that the approach to take would be simply take
these following steps:

1. Take in some sort of input array of length n
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2. Perform the Discrete Fourier Transform upon it
3. Retrieve the leading edge
4. Transform it back into the time domain

5. Either multiple the entire leading edge by increasing powers of 2 or return
to step one until the memoization is complete

Since it has been shown that the length of the memoization is logab where b is
the desired base of the final output geometric series (™), this would yield an
overall complexity of O(lg(b)nlg(n)). This still provides an efficient optimization
from the overall previous running time of O(lg(b)n?), but the memoization can
be used within the frequency domain to provide an even further optimization.

To recall, the memoization is simply a bit string in which 1 corresponds
to repeating the main successive cga; + c1a¢ transformation again to create a
leading edge and 0 corresponds to multiplying each element in the leading edge
element wise by an increasing geometric sequence of powers of 2.

5.3.1 Memoization 0 Operation

Within the time domain, a memoization code of 0 corresponds to the following.
b* — (2b)* forming a new sequence

Corollary. Finding the frequency operation corresponding to the spatial b* —
(2b)*

As was discussed in Section 5.1, the function involved in the convolution in-
volving the b term was f(x) = ((b(;ll)‘ ), g(x) = (5%). However for this function,
clearly c; = 2,co = 0 since this operation simply involves multiplying by a power
of two. This is however similar to the anti midpoint which is b* — (2b — 1)¥
where cg = —1,¢1 = 2

—2min

Using the proof found within Section 5.2.1,X (n) = kle(c1b+co)e N

Therefore the frequency domain representation of the multiplication by an
increasing power of two is the following.

—27in
X(Qb)k(n) = k!e2beT
This however does differ from what simply b* would be within the frequency
domain.

The transformation b* — (1b+ 0)* quite obviously has ¢, = 1,¢o = 0.
Plugging this into the formula for X(n),

—2min
Xp(n) = klebe ¥

—27in —M

The k! can be added back late. Without loss of generality, ®(n) = elerbteo)e ™ N =5
represents a normalized base, but for each successive operation upon it a new
k! scaler will be added retroactively in the end. If the k! is ignored then there-
fore the transformation in the frequency domain corresponding to that of the
multiplying by a power of two is simply squaring.

P op)x(n) = (Pp(n))?
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This is an interesting conclusion and allows for the '0’ instruction of the
memoization to be applied in the frequency domain simply by squaring the
frequency.

5.3.2 Memoization 1 Operation

The construction for the anti midpoint within the frequency domain has already

been defined within the previous section however by using ¢y = —1,¢; = 2,
—27min

@2b—1(n) —_ 6(21}71)6 N

—27in —27in
— 621787 6767
= @gb(n)é,l(n)
— (@y(n))*®_4(n)

(2y(n))*
<I>1(7L)

This clearly demonstrates the efficiency that can be yielded by using the
frequency domain rather than the time domain. The successive anti midpoint
is the same as the memoization operation, but with a scale factor.

As a potential point of interest, determining the frequency domain operation
that will correspond to the successive midpoint ¢y = ¢; = %7

—27min
— ,(.5b+.5 N
© 5p4.5(n) = elS0+5)e
b —2min 1 —27min
—e2€ N e2€ N

=/ ®p(n)®1(n)

This is slightly more tricky due to the presence of the branching square root
and the complex numbers, however it still does represent clearly what would
be the inverse to the above anti midpoint spectral formula. Plugging in the

anti midpoint construction for ®,(n) yields (ibl(gln))) : ®4(n), which simplifies to

what would be expected to be the unit within this system ®y(n).

5.3.3 Encoding full memoization within the frequency domain

It has been defined what the analog of both memoization operations utilizing the
spectral representations of these functions. A new construction can be created
that processes the entire memoization into what would be a single operation
using the following formulation.

) ; (@y(n))* 0
RecursiveSpectral Base Builder(b,n) = @(m)? 4 (18)
@1(n)

This allows for a bit string memoization to be built up in a recursive fashion.

Example 5. Bit string 01100
bit =0
(5(n))?
bit = 1

(2o(n)?)? _ (Bp(n)?
@1(71/) @1(71)
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bit =1

(T (@
mr = @
it =

(Bl)® 12 (B
@) @i
=P16p—6(n)

Clearly there appears to be a pattern here which appears to actually be quite
interesting and elegant if true.

Spectral Base Builder(memo, b) = ®ojmemolp_memoy, (1) (19)

The memo parameter represents the memoization bit string. |memo| repre-
sents the length of the bit string. memoyg is the representation of the memo bit
string in decimal and b is the input base.

Proof. Formula 19

The actual definition of the memoization in Formula 14, is the following
(2”092(17')1 — b')2 which is dependent on b’ the output base. So this spectral
function can be reconfigured to incorporate this feature. For this construction
the base case input b has been assumed to be b = 1 which falls in line with the
memoization initial input of 1’s in the time domain.

CI)2|"“f"“’| b—memoig (n)

:q)z\memO\_(Qva(b/ﬂ_b/)(n)

=y (n)

Therefore this memoization can properly be used to build up the spectral
function of the desired base from the initial b = 1.

Although it can be concluded from this construction that it might just be eas-
ier to simply use the spectral function @y (n) initially without recursing through
the memoization. This however would directly represent the frequency domain
analog of just finding the sequence ¥’* by just doing the following Hf:o b'. Find-
ing the sequence in this way would be quite wasteful as the transformation into
the frequency domain would be quite overkill. This does show that following the
recursive pattern of the memoization will in fact determine the mathematically
correct geometric sequence. This algorithm provides what would be inefficient
when compared to a simple product, but it does provide great optimizations
when compared to the time domain approach. The fully time domain approach
operates in the time of O(lg(b')n?). The translation to the frequency domain
required O(klg(k)) combined with the actual internal recursive memoization
utilization of length lg(b’) that each iterates over the n samplings for a final
running time of O(klg(k) + nlg(d’)) where n is the exponent and b; is the de-
sired base. This is clearly less desirable than simply using the @}/ (n) spectral
function which would have a running time of only O(klg(k)), since the frequency
domain calculation would only be of O(n) due to the memoization being com-
pletely removed. Of course simply performing the successive product is more
optimal only occupying O(n). On top of this time complexity, the frequency do-
main representation creates the opportunity for errors to accumulate over the
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successive iterations. The table described the descending time complexities of
the various methods as described to calculate the geometric sequences.
The referenced naive product geometric sequence solver is avail-
able at ’Section 5/naive sequence.py’ or within the command line
program at ’Geometric Sequence Solvers/Naive Sequence’.
The spectral geometric sequence solver is available at *Section 5/spectral geometric_sequen
or within the command line program at ’Geometric Sequence Solver-
s/Spectral Geometric Sequence’.
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6 Rational bases

To expand these constructions to be able to handle geometric sequences of
all rational bases, two more extensions need to be created. First, geometric
sequences of bases of negative integers must be handled. This has already pretty
much been totally handled in the positive integer base algorithms although a
more nuanced version can be created as well. Additionally, geometric sequences
of a rational between 0 and 1 must be able to be created. This will allow
for all rational numbers to be represented as geometric sequences constructed
by successive midpoints. This section will remain in the time domain as it is
more intuitive to understand midpoint transformations, although it can easily
be applied to the frequency domain using the constructions of Section 5.

6.1 Expand bases to negative

There are two different ways in which geometric sequences of a negative integer
base can be handled. First, there is the naive way that simply uses a positive
integer proxy base that is scaled by alternating -1. This does work, but it leaves
out the opportunity to use a more nuanced solution, actually constructing the
negative base through midpoints and anti midpoints.

6.1.1 Naive

A negative base really is technically just a positive base that is scaled by -1.
It is not equivalent to (—1)b%, but rather (—b)?. This means that Section 4’s
statements regarding taking out the scale factor would not work for this case,
since the -1 is not a scale factor it is the parity of the base. Regardless of this,
(—b)* = (—1)%(b)?, so finding the geometric sequence is equivalent to using some
leading edge method as described and simply alternating the sign. Formula 13,
can be modified to be the following.

k
NaiveNegativeBase(b,n, k) = U [(sign(b))*(
i=0

bl -1

5+ 1) (20)

However immediately following Formula 13, Example 3, provides as example
where the provided base actually is negative, with some alternating leading
edges. Even further than that, the final answer actually contains rational results
between 0 and 1 as well. Clearly it is possible to achieve these results through
the use of the same original unmodified construction. The only difference would
be the starting base b = 1 no longer applies, but it would have to be a starting
base of b = -1. The memoization functions also would have to be modified
since the anti midpoint applied to b and -b are not equivalent, not even in
their magnitudes. (20 — 1) # (2(=b) — 1) = —(2b + 1). Therefore a modified
memoization will have to be made to accommodate this, which will hopefully
be a natural extension of the existing memoization techniques.
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6.1.2 Negative Log Memoization

The log time complexity memoization technique can be adapted and used almost
in its exact state, but with some minor changes. These changes can best be
illustrated through the use of an example.

Example 6. Log Memoization Comparison
First the memoization construction behind positive initial base will be shown
Let b> =11
[4]=5,11 mod2=1
[2]=3,5 mod2=1
31293 mod2—1
[%1 = 1,2 mod 2 = 0 (Stop since 1 is reached)
Which results in a memoization of 1110’ from b = 1.
Now the negative case can be demonstrated.
Let b’ =-11
(=17 = —5,—11 mod2=1
[2]= 2,5 mod2=1
[5 21 = —1,—2 mod 2 = 0 (Stop since -1 is reached)
This results in a memoization from -1 of 110’

It should also be noted that it is simply not possible for continual memoiza-
tions from -1 to result in positive 1. Since f%l] = 0. This was shown in the
Proof of Successive Memoization Functions.

Corollary 3. Successive Negative Memoization Functions

The successive applications of the division function f(z) = [z/2], has been
to be defined as , f™(x) = [2/2"], it is clear that for any input, f"(x) tends
towards 1 for a positive b’.

‘limy, 00 [0'/2™] = 1°. Since for all natural numbers n, &’ /2™ will always be
slightly larger than 0 (for ¥’ > 0), which rounds up to 1. However, for the case of
the negative b’, b < 0. lim,, .~ [6'/2"] = 0. This is due to the fact that the 5
will result in an increasingly decreasing value delta, that for any small epsilon
chosen, some n can be found that will make delta less than epsilon. However
since 2“%:, < 0Vn its ceiling will eventually always round up to 0.

Due to the conclusion of this Corollary, a more natural starting point b,
might be b = 0 rather than b = -1. This can be encoded within the first bit of
the memoization and would fit well with the existing schema.

For the new memoization, the first bit will represent the value of the initial
b. b >0,b=1and b’ <0, b = 0. After reading this bit, the memoization
would carry out as usual. This leading bit is analogous to what would be a
representation of a parity bit.

Using this new starting point of b = 0, would add one final step to the
memoization of -11 of [5!] = 0,—1 mod 2 = 1.This means the final bit in the
memoization of any negative base integer would result in a 1. However when
looking at the memoization of a positive base, it can be noted that the final bit
of the memoization always terminates in a 0. This solves the issue of needing to
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artificially encode that starting point into a sort of parity bit. This is already
naturally encoded within the memoization. Therefore in order to properly use
the memoization for positive and negative base integers, the binary inverse of
the last bit of the memoization must be read as the starting point.

6.1.3 Negative Constant Memoization

Now that the Log memoization schema has been expanded to include that of
the negative final base b’. There must be some way to construct a constant
memoization of b’ as well. Examining the Example 6, can however give quite
the hint as to what the memoization encoding might be. The memoization for
b’ = -11, when adding the final 1 bit results in a memoization of 1101’ which
when read in little endian is |-b| in base 2.

Corollary 4. Constant memoization of negative

The proof of Formula 14 determined that the memoization is equivalent to
the following. b = s2"tt — 57" 2"~ im,. where [logo(V')] = n+1 and m;
represents that memoization. This was shown to be true regardless of the input
of b’, but was primarily intended for use with a positive base b’. However by
augmenting the definition of n to be, [loga(|b'|)] -1= n, the formula may be able
to include all bases.

P = 52t -3 gn—ig,

Vo —s2ntt = -5 2Ty,

s2ntl —p =371 2" i,

This formulation works for any base, augmenting Formula 14 to be the fol-
lowing.

ConstantTimeMemoization(b') = (b * 2ltog2(I'DT _ )2 (21)

b is the initial starting point, 0 for negative bases, 1 for positive bases. b’ is
the target base. This will result in a binary string that should be read with its
most significant bit being read first.

This confirms the suspicions that the constant time memoization for a neg-
ative base is simply the binary representation of the magnitude of the desired
base, b’. Since for a negative base the memoization simplifies to 0 2[t0g2(1'DT —
(=1)|b’| because of the b = 0 and the parity of b. Now this constant time
construction of the memoization formula is working for all integer bases. There
is one caveat that should be discussed before diving straight into the program
representation of this scheme.

The initial base b = 0 and b = 1, technically means that the input array
is the geometric sequence with a base of b with some sort of arbitrary length.
This however brings up the issue in the negative b’ case when b = 0 where the
sequence would be [0°,01,...,0], clearly the first element has an issue. The
0% element will just be defined to be equal to 1, which falls in line with the
general floating point representation of this indeterminate form. It also falls in
line with every other geometric sequence and it also makes the anti midpoint
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between these first two element (2x0' —0° = —1), to actually output the correct
value.
The integer constant memoization is available at ’Section 6/integer constant memoization.|
or within the command line program at 'Memoization Functions/In-
teger Constant Memoization’.
The all integer base solver is available at *Section 6/all integer bases.py’
or within the command line program at ’Geometric Sequence Solver-
s/All Integer Bases’.

6.2 Expand bases to rational less than 1 greater than 0

Now that it is possible to construct a geometric sequence of any integer base,
the next step is to expand this to include the rest of the rational numbers. This
however is not as simple as the constructions found within Section 6.1. Due
to the nature of floating point representations, a compromise will immediately
be made in regards to the precision of the solution. Since for these rational
numbers of the form ¥ = %,i,j € Z : i < j, a contraction must occur from 1
using midpoints rather than the anti midpoint. A naive approach can also be
concluded as well.

6.2.1 Naive Rational Approach

Since the definition of the rational number % is defined by the ratio of two

integers, the memoization of these two integers can be found separately. The
_ i

geometric series, (jl)k = j],i can be then found in three parts.

1. Find the geometric series of the numerator
2. Find the geometric series of the denominator

3. Perform an element wise division between these two arrays

6.2.2 Rational Approximations

We will begin with an immediate example.

Example 7. %

How would we retrieve the memoization for this simple rational number?
The memoization would need to be constructed from anti midpoints and multi-
plications by 2 to result in a b = 1. The branches of each memoization will be

shown as follows.

41



It might seem that,
eventually some sort of finite combination of transformations will reach 1. Al-
though this is not in fact the case.

Proof. The recursive transformations of 2b’-1 and 2b when operated upon the
rational b’ = %, clearly only operate upon the numerator i.

2i —-1= 22 19% = 2 Tp both of the operations, j is unaffected. Therefore
for the result to equal to 1 the numerator must be equal to j. The numerator
must not be equal to some integer c¢*j where ¢ # 1 since this would result
in a divergence since these operations are equivalent to an expansion, not a
contraction. So this problem can be reduced to simply looking at the numerator.

A general memoization can be applied to the transformation, similarly to
how the Constant Time Memoization was proven.

n=1. 2% — o = 2i=imo

)’ 45 0 j

n=2 221‘77710 —me = 4i—23mo—jma

AT ! J
oM ]Zn 1271 1— h’nlh

J

This appears to be in the form

Lemma 3. Proof of the form
271,7;_]4 EZ;(} 2n71—hmh
J
Base case n = 1 which should be equal to
271,/L~ jz;:—l 2n—l—hmh

Proof by induction

2i—jmg
J

21]21 1211h mp
J

_2i—jmo
J
Inductive Step

Zk 1 2k 1— ’L
Assuming when n = k is defined as the followmg =3 i , there-

k+1;_ <~k
fore when n =k + 1 the result and the transformation should be 2 Eh.:“

2k h

j
2 k— 12k 1—-h
2(2= e Y mgeg

okt ]Zk 12k L e
J
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k+1,; - k k—h
2y Z;’:OZ ) (Recollection of that final term)

Proof. There must exist a finite memoization to represent any rational number,
i where i, j are coprime integers that evaluates to 1.

Proof by contradiction.

We are trying to find if there exists a memoization in which there is a con-
vergence to 1. Therefore by using Lemma 3, the following equality can be set
up.

1= 2"=0 Thoa 2" T ma)

J
There must be some finite n in which this equality holds with a finite number
of memoizations which are either 1 or 0.
J=2% = (G305 2 )
G5 2" = 2%
G+ Y 201y = 2
Since each of the memoization bits are either 0 or 1, the following can be

simplified to be a base 10 integer ¢ = Z;é n—1=hpy,
Jj(l+¢)=2"
14+c __ @

This Wéuld mean that ¢ = 1 4+ ¢, and j = 2" where n is a positive integer
representing the length of the memoization.

The assumption that i and j are any coprime integers is violated by the 2"
limit upon j. This shows that every rational number is not representable within
a finite memoization.

This proof demonstrates that in a finite memoization, not every rational
number can be constructed purely from successive midpoints or divisions by
2. However what is possible is constructing a rational number in the form

a

5 = ax27". The problem has now transformed from finding an exact solution,

but instead to finding an acceptable a and n that satisfies some error bound E.
The minimization of this error can be expressed as [ — 5| < E, |Z*j2.*277,aj| <E
or simply |C*22#| < FE if the rational number is not expressed directly as a

ratio.

Proof. Expressing ¢’ as an integer scaled by a power of 2

From this, bounds we can have two inequalities that the minimum acceptable
solution will be within.

‘c*é’;fa‘ < E |

e ¢ B-F < @2

Case 1

‘3"‘22# < B

2" —a < 2"E

2"(c—E)<a

Case 2

_E< c*22’;—a

—2"E < 2" —a

a<2%(c+ E)
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Therefore n can be an independently varied integer value that must be within
these two bounds. The problem has now been reduced to finding the first integer
solution that falls within these bounds. This limits the range of possibilities to
search for a.

6.2.3 Rational Compromise

There exist several approximation algorithms that can be used to find minimize
the error, but a greedy approach will be taken to determine the minimal values
of n and a that would lead to an error below the acceptable boundary. The
algorithm behind this approximation is actually quite simple and is able to work
for any rational number that can be expressed as a floating point. It simply
iterates through values of n to find the first integer solution to the boundary
condition. The reason why n was chosen as the independent variable is that
values of a might be arbitrarily large however since the denominator is 2", only
checking a relatively small subset of n will yield a sufficient answer within the
error bounds. In general n < a. Also logarithms would be introduced if solving
for a which would result in the potential for even less precise results.

This remarkably simple algorithm will find the minimum integer upper bound
of a. This is possible by comparing the minimum upper bound with the maxi-
mum lower bound that is an integer. If there is any overlap between these two
bounds then the maximum integer lower bound would represent the minimum
value of a and n that corresponds to the acceptable error tolerance.

The following python program is able to output some interesting results.

This very simple algorithm works extremely well. For all rational inputs,
there exists some approximation within the error bound. This unsurprisingly
works with integer inputs with an error of 0, in its first iteration n = 0. Try-
ing the input % from Example 7 with an error of .0001 results in an output of
g% with an actual error of approximately 7 * 107°. This even works for num-
bers that are technically not rational in the real numbers, but are represented
by rational floating point approximations such as algebraic and transcendental

numbers. Using the same error tolerance of 1074, v/2 ~ 5271%3 error 9 x 1075,

TR 3221107 error 9% 107, Using an error of 10™* results in the first three decimal
places to be accurate which is nice to see, but much greater tolerances might
be needed to be used when calculating geometric sequences since the error will
be accumulating on every successive midpoint iteration similar to the Fourier
Transform representation.
The rational approximation function is available at ’Section 6 /base 2 rational approximatc
or within the command line program at ’Rational Approximation

Functions/Base 2 Rational Approximator’.

6.2.4 Rational Memoization

The memoization has already been mostly solved within Section 6.2.2 resulting
in the following formula.
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1 n—1 gn—1—h ;
tlasg® L (-1 (22
" j

In conjunction with the rational _approximation algorithm, reduces the prob-
lem of the memoization quite significantly. Since the approximation is in the
form of %, it is apparent that 1 + Z:;é 1=y, = q, Zz;é =1l =
a — 1. This means (a — 1) read from the most significant bit first serves as the
memoization for the rational number in n-1 bits. This clearly does not work
when n = 0 for any numerator other than 1, but that memoization has already
been solved.

This memoization, defined for any i and j integers unfortunately does not
work for i or in this case ’a’ less than or equal to 0. Since the memoization
relies on the binary representation of what would be a - 1, these values of a
less than or equal to 0. The negative representation of binary numbers does
not directly translate into this definition on the left hand side of the equation

Z;é 2"~ 1=hm, = a—1. Additionally, using midpoints between b and 1 it is not
possible to reach some sort of small negative rational number since the additional
of the +.5 added to each term will clearly make the recursive operations tend
towards the positive end of the number line.

Proof. Midpoints fail to memoize any negative rational numbers
Assuming taking the successive midpoint and divide by 2 operations from
some fixed point b will return the desired b’.

nzlib'g”0
btm
n—9_2 02+m1 _ b+m04+2m1
. . b+ 28 m,
Proof by induction b’ = w

Base case

n= }71 i 0
b+> 0,0 2'mi _ b4+2%mg
21 L

Inductive Step

. bR ol . bR 2tm,
Assuming n = k is #7 thenn =k +1 is %
bkl ot
T L . . . .

5 (Applying midpoint with my,)
b+ (SR 2t ) 4my 2P

ok

2
b+(F ) 20my) +mi 2k
2k+1

k T
% (Absorbing trailing term)

n-1oi__
So if this is assumed to be equal to an eventual ¥’ = HZ’?#

This is simply the following b;,f, where ¢ must be a positive integer. Since b’
is less than 0, b+c < 0 as well. This means that -b > c¢. Due to the memoization
not being fixed, a standardized starting point cannot be achieved. The memo-
ization is potentially infinity long depending on the n required or requested for

the sequence. This means that a standard fixed b is not achievable. For this to
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work, b would clearly have to be equivalent to the limit as b approached nega-
tive infinity or a non standard base for each problem, contradicting the initial
assumption.

For negative rational numbers, there are no fixed starting b points which
mean there is no memoization that will work to recover the required output
base. This however can be handled using the naive approach discussed in Section
6.1.1, simply finding the absolute value of the rational input then alternating
the final signs.

Finally the condition for rational numbers greater than 1 can be discussed.
These numbers would have to use both the contraction and the expansion modes,
which is not possible as both are inverse of each other. Therefore these numbers
must endure a normalization before being operated upon to be within 0 and 1.
The scaling by 2™, will be undone within the final leading edge. For this same
reason, the geometric sequence of rational numbers less than 0 must be taken to
be of their positive normalized counterpart since the contraction will naturally
lead them to be positive. There also is the case for geometric sequences of
negative power, this case can be handled easily by considering the reciprocal of
the desired base which is possible due to the rational domain expansion and the
absolute value of the exponent.

The rational memoization function is available at ’Section 6 /rational memoization.py’
or within the command line program at 'Memoization Functions/Ra-
tional Memoization’.

The rational input base geometric sequence solver is available at
’Section 6 /rational sequence.py’ or within the command line pro-
gram at ’Geometric Sequence Solvers/Rational Sequence’.

6.3 Augmentation of Error Tolerance

6.3.1 On The Topic of Error

There was an initial suggestion within Section 6.2.3 in which the error would
essentially compound for the rational approximation inputs. Observing the
data, this does seem to be taking place, although the increments of change are
quite small. The following figures represent the actual change of percent error

as more terms are added to the sequence. The figures use —m and % as b’.
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Figure 2: Relative Error of —7 Using Absolute Error Approximation

Relative Error vs. Tolerance Threshold (b= — 3.1416)
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This shows the error with a tolerance of .0001 to approximate —

Figure 3: Relative Error of % Using Absolute Error Approximation

Relative Error vs. Tolerance Threshold (b =0.7071)

—e— Calculated Relative Error
= = Input Error Tolerance (E = 0.0001)

0.004

0.003 4

0.002

Relative Error |(calc — true)/true|

0.001

0.000{

Exponent (n)

This demonstrates the error when approximating % with a tolerance of .0001.

Clearly both of these figures demonstrate a crossing of the tolerance thresh-
old. This means that the set tolerance only is valid for very few elements in the
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sequence. A new formulation in approximation needs to be created in order to
maintain below tolerance for all desired elements of the sequence. This can eas-
ily be remedied by essentially making the approximation to be more accurate.
The actual error as was initially defined is as follows, |5+ — b'| = X, which is
set to be bounded by some threshold E. However this only guarantees that the
second term in the geometric sequence, (k = 1), to be within this bound. Tt
would be assumed that the error would be growing by a factor of X, for each new
element of the sequence. However that absolute error defined for each iteration
of k can be defined as |(5%)* —b*| = X}, which is absolutely not X*. This is due
to the fact that exact geometric sequence of - will be recovered by the leading
edge methods which approximates the b* progression. What is essentially an
element wise exponentiation of can be used to find new values of 'a’ and 'n’ for
the given maximum exponent k, which still satisfied the boundary condition E.

Proof. Finding the new conditions of [(5%)* — V"] = X, < E

Previously, the boundaries were shown to be 2"(c — E) < a, a < 2"(c+ E),
when k = 1. This will be more generalized to any k. Where b’ = c.

(£)F — | = Xy < E

—E< (&) - <E

Case 1

(f)k - < FE

SaE — k< E

ak < 2"F(E + cF)

a < (2"F(E + cF))%

a < 2(E + c*)*

Case 2

—E < (&) —cF

k- E< Q‘ﬁl—kk

27k (cF — E) < a

2(ck — E)¥ <a

These boundaries can be substituted into the main approximate boundary
conditions.

This does have greatly improved error, staying well within the bounds. For
the numbers tested, the relative error is either 0 or very near to 0 in the float-
ing point representation. The improvised bounds, essentially allow for a more
precise and accurate approximation to be found with almost nearly all of the
represented decimal places to be the same. It estimates m =~ 884279;% * 4

and \/5 ~ 38873263%63997_
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Figure 4: Relative Error of m Using Relative Approximation k = 1

Relative Error vs. Tolerance Threshold (b = 3.1416)
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The improved error of 7 can be seen in the figure above. The relative error is
far below the tolerance.

Figure 5: Relative Error of 1000 * e * 7 * v/2 Using Relative Approximation k
=1

Relative Error vs. Tolerance Threshold (b =12077.0080)
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Now this figure shows a larger number, 1000 * e * 7 % v/2, and it still man-
ages to provide a relative error of nearly zero for all elements in the sequence.
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This solver and section is defined as the rational solver, however these clearly
are not rational numbers but are transcendental and algebraic numbers that
possess no rational representation. However, within Python, these numbers
are represented generally as 64 bit double precision floating point numbers,
meaning to a precision of around decimal places. In this representation,
could be represented only as 3.141592653589793, which quite evidently can be
represented as a rational number, namely w which is nearly the

approximation that was found w. Thls can be demonstrated by,
3141592653589793 _ 3141592653580793 _ “3141592653580793 ., 3141592653589793 e
1015 = 5logz1015 = 215109310 ~ 550 .

approximation method might appear to be getting an error value that would be
considered to be ’overkill’. For the limited amount of precision possible within
these floating point numbers, the number is being precisely represented within
the floating point domain.

6.3.2 Relative Error Approximation

It might also be beneficial to find the boundary conditions in term of relative
error, not absolute error. The error of the values was measured in relative error
for the above figure, but the actual boundary conditions were represented in
absolute terms. This technically is incorrect as the units of these measures of
error are different.

Proof. Finding the new boundary conditions for ’a’ when, |L| <FE
k
_pc =t g
?as)qc 1
= () 1< B

() —cF < c*E

2‘% k< E

ak < an(CkE—FCk)

a < (2" (K E + ck))x

a<c2"(E+1)%

Case 2

—*F < (2%)’“ —cF

ck — "B < 2‘1—2

#2"k(1 — E) < a”

2"(1—E)t <a

This is assuming ¢ > 0 or k is even, ¢2"(1 — E)* < a < ¢2"(1 4 E)*

For ¢ < 0 and is odd, 2"(1 4+ E)t < a < ¢2"(1 — E)%

This provides the new bounds for a that can be used to determine an ap-
propriate approximation with respect to the relative error condition.

Using this rational approximation boundary yields what would be the same
results since the previous method reaches the minimum error allowed by floating
point representations. This methodology is just more mathematically correct
as the error for small values would already be quite small below the threshold
using only absolute error.
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In this representation there is essentially no difference between the numbers
approximated and the true values, which means the approximation is essentially
as good as it possibly could get. This naturally leads to a solver that no longer
uses an error tolerance, but instead finds the rational approximation for all of
the decimal places. An approximate ratio of this nature would be one where k =
1, with a tolerance of about 10716, This would create an approximation in which
5 has most if not all of the decimal places correct for b’. The methodologies
shown this far are able to generate the geometric sequence of any floating point
representation real number by only using successive midpoints or anti midpoints
upon a starting array of all ones. In the domain of real numbers, this method
fails to produce exact solutions, however in the domain of floating point real
number representations, this method can actually handle all real inputs.

The error chart creation function is available at *Utilities /error _chart.py’
or within the command line program at ’Analysis/Error Chart’.
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7 Additional Midpoint Property Matrix Facts

7.1 Cascade matrix Representations

7.1.1 Separable Vectors

Observing the well known matrix created by an input B = [3°,3!,32 33|, with
weights [, 1] the following cascade matrix is generated.

2:2
1 3 9 271
2 6 18 0
4 12 0 0
8 0 0 0

The input b yields the leading edge B’ of powers of 2 as expected. The
interior elements of the matrix are actually defined as the linear combination
between B*B with the 0 elements placed to make it upper diagonal. If this is
true than the matrix can be defined as separable and be easily calculated by
simply taking linear combinations.

In this case b’*b equals.

1 3 9 27
2 6 18 o4
4 12 36 108

8 24 72 216

This seems to follow the midpoint rule in which 1)
This means that the separable matrix created could actually be a sub matrix
of a larger upper diagonal matrix of the usual upper diagonal form containing
powers of 3 with a greater terminal exponent.

G tact1 o,
2 = A

Proof. The cascade matrix is an augmented separable matrix.

In the general case the matrix is defined with an input row vector [0, b1, ..., o]
(1%%row), using a midpoint function the weights matrix kernel is equivalent
to [%,% . It has been shown that the leading edge (15tcolumn) is defined as
[(252)0,(552)L,...,(5EL)F]. This means that the outer product between these
two vectors B’ and B would yield the a matrix of the following form in terms of

T e wesp iy
PR 2 B G ok
(R B . B!

This matrix can more simply be defined as M, j, = v/~1(21)i=1. Now it
must be shown that the cascade matrix generated upon a larger input B with
a larger k, contains all of the elements within this matrix M. Since the cascade
creation of the matrix creates a new anti diagonal slice each time k increases
by one, the b¥(2E1)F element would be apart of the last anti diagonal slice.
The final row of the M matrix (row k = MJk]), can essentially be treated as
a new input row for starting a new cascade matrix. Even though the input
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is not a geometric sequence, a cascade matrix still can be constructed in the
general sense as defined in Section 2 with MidpointLeadingEdge, which takes
in a general input vector. This formula was assumed to iterate |M[k]|-1 times
producing a [M[k]| x [M[k]|, k + 1 x k + 1, matrix P, when starting with the
initial basis. Placing the M matrix on top of the P matrix where they over lap.
A similar construction can be applied to the k*" column of M, M|:][k] when using
the inverse of MidpointLeadingEdge, which will create a matrix N, of the same
dimensions due to the same summation bounds. When all combined together,
the following matrix M’ is created which will have dimensions of,

IM[Kk]| + |P[1]] - 1 x [M[:][k]| + |N[:][1]]| - 1 (subtracting one shared row and
column instance)

2k + 1) -1x2(k + 1) -1

2k+1 x 2k[+1. I |

, M[1:K|[1:k] N

M= P 0
Proof by Induction
k =1 M has dimension k + 1 xk + 1,2 x 2

(B1)060  (bL)0p!
M= (e (e
2 2

M’ would have dimension 2 * ZI)L +1 ;{ 2*1+1,3x3.

(B (LB (b0

M = (b-&-Tl)lbO (b-i—Tl)lbl 0
(254)%e° 0 0

For this to be true, taking the midpoint between the last row of M, should
yield (2£1)? by the midpoint leading edge formula with the input of [(252)%6° (&52)%! (2£1)0p2).
(D)0 () !

b+1 b+12
-

2
b24+b+b+1
2

o

2
b2 +2b+1
4 2
(b; ) (Binomial Theorem)
( b+1 )2
2

Inductive step

k=n

Assume that the M,, matrix, which is the outer product of [°,b!, ..., "] and
[(HTl)O,(HTl)l,...,(HTl)"], produces an entirely valid M matrix of dimension
2n + 1 x 2n + 1. The theoretical M, ;will have an additional two rows and
columns that need to be justified since 2(n+1) + 1 = 2n + 3 with a first column

final row element equivalent to (24%)2"+2

(bi21)0b0 (HTl)Ob” (L;)Oan
: " : . 0
M, = (Bhm o (B 0 0
. . 0 0 0
()20 0 0 0 0



This M), is assumed to be correct, which can be expanded to include M),
which is matrix that will also obey the successive midpoint property.

G L G
(%
(Qil)nbo L (Q%l)nbn (b2 )nbn+1 N (Q%;
A{/ B (le)n+1b0 o (Q%l)n+1bn (b;l)n+1bn+1
n+1l —
(%)27%0 <b71)2nb1 (17271)271[)2
(H—1)2"+1b0 (b-i-?l)Qn+1b1

(b )2n+2b0

The appeara2nce of this matrix is quite different than the M}, but there only
are two additional anti diagonal slices added. The main anti diagonal from
element M), ,[2n+3][1] to M ,,[1][2n+ 3] and the anti diagonal slice spanning
from M, [2n+2][1] to M;H_l [1][271 +2]. The final four rows of this matrix can
be analyzed in further detail with elements that assumed to be true within M/,
markebH 2n—170 I (bkly2n—1p1 2n—172  (bt1\2n—1p3
()i e My (B57)" b € M, (?)" b (55H)*
At " oy bt

n n

b-2|r ;2n+220 ) ’

l\)

Using Formula 2. SuccessiveMidpoint(A) = [gra— ZIA‘ ! (lAL_l)ai]
(2£1)2np! therefore must be equal to SuccessiveMidpoint([b?, ..., b*"1])
i, (e

2n\ pi
2? Z(% +1 )(’ZL )(I;Binomial Theorem)
2271
szril)anl

S~ o~

[\V)

—~

(%)an()_,’_(%)?nbl
2

Using this fact,
_ () 4d)
=z 7
_ (1) (14b)
=

— (H—1)2"+1b0

2
Also using Formula 2, (252)2"*+1p! must be equal to SuccessiveMidpoint ([b*,
52nFT +1 Zzn—H (2n+1)bz+1

2n+1 n

=g Lo (Y
= 5ror (b + 1)>"*! (Binomial Theorem)
——(Qil)2"+1b1

Finally (b+1)2"+2b0 can be shown to be the midpoint of these last two ele-

ments.
(Eil)2n+lb0+(b+l)2n+lbl

( : )2n+1 1+b
b (i)2n+2
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)2b2n
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(
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)Ob2n+1

)1b2n+1
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The matrix M’ clearly is equivalent to the outer product of B’ and B lead-
ing to a rank of 1. This means that the elements within the M matrix are
all elements of a larger cascade matrix. Due to this property, if M has di-
mension k x k, then simply applying the successive midpoint formula on an
initial basis of [b°, ..., b¥~1] to yield a cascade matrix the rest of the matrix can
be filled in by simply taking successive products on the elements in the ma-
trix, If this process is done to the final row, then it will be within the form
of [(HTl)k_lbO, el (HTl)k_lbk_l} or (b%l)k_l[bo, ...,b¥71. Formula 10, a *
MidpointLeadingEdge(Uf;o1 (b)) = Ui:ol [a(551)7] where a = (Y£L)k—1 dictates
that successive midpoints will create a leading edge in the for (2)F~1a(2El)i
where i runs from 0 to k - 1.

(bELyk=1(bELyiz (bEL)i+R=1 meaning that this will create the remainder of
an equivalent leading edge for an input of [b°, ..., b***1] without having to create
MI[1:k|[1:k] N

P 0
one third of the work required to traditionally calculate the leading edge of basis
of a geometric series of 2k-+1 when using successive midpoints, but this does
not change the complexity.

For now, this fact remains as an interesting explanation as to the nature
of the interior elements of the cascade matrix. Due to the successive midpoint
property, this fact also applies for the anti midpoint case as well.

the N matrix from the above proof M’ = . This cuts out

7.1.2 The Diagonal of A Cascade Matrix

Another interesting fact that arises from the cascade matrix generate through
successive midpoints and anti midpoints of a geometric sequence, relates to the
elements upon the main diagonal. From looking at enough cascade matrices
resulting from geometric sequence inputs, this fact might have been quite ap-
parent. The diagonal elements do not simply represent random numbers that
allow for the successive midpoint property to work, but in fact they are what
would be the perfect transition between both sets of geometric sequence. More
rigorously, they defined another geometric sequence, that of which the base is
b’*b. Using the facts of the previous Section 7.1.1, it has been shown that the
elements of the matrix correspond exactly to different combinations of products
of b and b’. Rows closer to the first row possess less of an ’influence’ of prod-
ucts of b’, while columns closer to the first column are more purely elements
of geometric sequences of b’ with less b products. It can be surmised that the
diagonal, where the row and column numbers are identical possess exactly the
same 'mixture’ of b and b’. This will be demonstrated by an example and then
formally shown with a proof.

Example 8. Usual Example

Using the usual example of b = 3 with the anti midpoint weights [-1, 2|, the
following matrix can be created, it has been expanded to show more terms. (For
the purpose of creating this matrix, the elements were not created by actually
taken using the anti midpoint weights, but were in fact calculated using the
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separable vectors method. This method is a much easier way of creating these
matrices.)

1 3 9 27 81 243

2 6 18 54 162 0

4 12 36 108 O 0

8 24 72 0 0 0

16 48 0 O 0 0

32 0 0 0 0 0

Clearly the non zero elements of the diagonal show the start of a geometric

sequence with base of 6, or 2 * 3; 1, 6, 36.

Corollary 5. Nonzero diagonal elements of a successive midpoint property ma-
triz are geometric sequences of the element wise product of the input and output
leading edge.

In Section 7.1.1, it has been shown that M; ;) = b1 (bEL)i=1,

Since the diagonal is defined as elements when i = j, this can be reduced to
the following.

Mz = b1 (M)

= (b))

= (B3

Therefore the non zero diagonal elements are clearly equal to the geometric

sequence with base b(@) or b

A consequence of this Corollary 5 is that traditional memoization can be
entirely skipped under certain conditions. If the required output base is b’ then
the solutions to the following equations, ‘”2% =¥ or conversely (2z — 1)z =
222 — x = b/, will result in either the starting point for a singular round (n =
1) of successive midpoints or successive anti midpoints. Limiting the domain of
x to integers is the only way to produce exact solutions, however using rational
approximations of algebraic numbers which are within the floating point real
number representation domain, it may be possible to achieve exact solutions for
non integer solutions.

There is no real criteria that would prefer using the midpoint or anti midpoint
versions of these formulas. Clearly at least one integer or rational number in
the form o solution would be preferred to use. This means that both formulas
should be solved to try and determine if a solution within this criteria fits.
Additionally, only real solutions can be used.

Proof. Finding solutions

Simply utilizing the quadratic equation will help find the roots of this poly-
nomial.

Case 1: Solutions requiring the midpoint weights

2®yx
to
=2? +x—20=0
:M (Quadratic formula)

Case 2: Solutions requiring the anti midpoint weights
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202 —x =10

202 —x—b =0

_ 1+ VIF8Y

These4s01utions are quite similar. The determinants of both (1+8b’) will
yield some undefined behavior within the real domain when 14+8b’ < 0, b’ <
%1. For this reason it will be beneficial to just use |b’| and alternate the final
sequence signs, since in this case neither equation will produce real roots.

—14+/148[/| 144/148]b|
fo)=—"5——9(b) = —F—
For the sake of optimization, g can be expressed as a linear transformation

of f.
—14+/148[b/|

f(b) = 2
— () =

2

—f(b) _ 1F/148]V|
- 4

Tﬁis allows for the two solutions of f to just be transformed in order to
find the solutions of g. Since g is simply a scaling of ’71 to f, solutions of
f can only be rational if and only if solutions of g are rational. This means
that simply finding a single solution is sufficient. However, generally finding
the solution that requires the fewest memoization steps will be beneficial when
actually constructing this initial sequence. The memoizations are valid for b’
inputs that are of the form g, the memoizations are as follows with b denoting
the base of the starting geometric sequence.

|b 9lloga(lal)] _ aly n=0

lal - 1] nto 2

General Memoization(a,n,b) = {
Joining this into a single memoization function would be General Memoization((a,n,b) =
‘a — (bx 2Mteg2(lalT o 41 — 0")’ when 0° is defined as 1, this just is not as in-
tuitive.

Proof. Generalized memoization bit lengths

Finding the number of bits required for memoizations of each solutions to f
and g can be easily done by utilizing these memo cases. Assuming a suitable
approximation for the solutions to f and g are already pre computed in the form
of 5%, then this can be divided into a few cases.

Case 1: n =0, b = 0-> b’ is a negative integer

The memoization just simplified |b * 2ftoga(laD] alo to the binary represen-
tation of |a| or |b’| therefore the bit length for this will be [loga(|al)]

Case 2: n = 0. b=1-> b’ is a positive integer

b+ 2[teg92(1aDT — |, becomes limited by [logz(|a])] as well.

Case 3: n#0,b=1-> b’ is a positive rational number

|la| — 1|2 which has a bit length of [logs(|a] — 1)] which can be less than to
n in the initial definition due to trailing zeros.

Therefore finding the proper root to start from involves the following formula.
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[loga(la)] n =0

n n#0 (24)

MemoBitLength(a,n) = {

The minimum of each root’s memo bit length will denote which root to be
picked. The memobitlength of the actual b’ should also be places within the
minimum calculation as well.

This almost allows for a program to be created that will use the diagonal
property, but there still is a missing piece. The maximum exponent of the
geometric sequence of the initial basis is not equivalent to the exponent of the
resulting diagonal sequence. This can be seen within Example 8. The input
was [3°,31,32,3%,3% 3%] while the resultant diagonal only had three non zero
elements, [6°,6',62]. Based off of this, it seems like the the number of non zero
element on the diagonal appears to be f%] where k is the highest exponent.
Proof. The number of non zero diagonal elements is d = [%L sparsity of the
diagonal

The elements of the anti diagonal of a square matrix M of dimension n x n
are defined as M; (,_;41) and the diagonal elements are M;; where i iterates
from 1 to n. Since the diagonal and anti diagonal are discrete lines, they might
not have an intersecting element like continuous perpendicular lines. The row
coordinates of the diagonal and anti diagonal do match as they both are i so
the problem is reduced to equivalency of the column coordinate.

n-i+1=i

n=2i-1

This means that this intersection is only possible when n is represented as
the definition of an odd number at index 2i-1.

The dimensions of these matrices are equal to k + 1 x k + 1, therefore
there have been k + 1 anti diagonal updates since every new increment of k
adds a new anti diagonal. Due to the construction of the geometric sequences
by convolution, a new non zero element is added to the diagonal every second
increment of k. Then the number of non zero elements suggests a growth rate of
%, due to the roughly linear relationship between the dimension of the cascade
matrix and the number of diagonal elements. To satisfy the base case d(0) = 1
0 bt
b/l
single diagonal element. Since the diagonal updates on every second increment,
(k) = 517,

With the knowledge that there are only d(k) = [*£L] non zero elements of
the geometric sequence within the diagonal of a matrix generated with an input
geometric sequence of highest power k, k can be solved for in terms of d.

which represents the singleton matrix [b°] and d(1) = 1 , with only a

Proof. Defining k in terms of d
Since d = [%] encompasses two integers, using the lowest integer of these
two will involve one less step.

Case 1: Let k = 2g-1, q is an integer, k odd
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[#5+]
=q
Case 2: Let k = 2q, q is an integer, k even

(255

=g+ 3]

=q+1

This means that even k represents the first instance of a new element within
the diagonal. Since it would require k’ = 2q+1 to achieve d = f%zﬁ-\ =q+1,
but 2q < 2g+1 so it is beneficial to use an even k.

Since k = 2q, q = % then d = g + 1, solving for k.

d=%+1

2d—2=k

This means that in order to find a diagonal sequence, the input geometric
sequence needs to have a highest exponent of the following equation. Although
this is not entirely true since having a diagonal of length d does not mean the
geometric sequence will have a final exponent of d as well. An exponent of of d
+ 1 should be used to achieve the correct final exponent. So plugging this into
2d-2, 2(d+1)-2 = 2d, which is the correct degree of the final geometric sequence
member must be to generate the sequence using the diagonal method.

Diagonal Highest Exponent(d) = 2d (25)

Even though this method requires doubling the length of the input array,
the relation still remains linear while this guarantees that only a single iteration
is required n = 1.

Depending on the level of acceptable relative error, for approximating the
algebraic solutions for these root problems, some iterations can be saved. This
also is able to save iterations when solutions to the root formulas are inte-
gers.When ran on integers, 4 to 100000, it was able to only save iterations on
4% of the the numbers with about 444 integers having iteration saves. Which
on average saved about 13 iterations or about 93% of the iterations that would
have occurred otherwise. When increasing the acceptable error to 1078 it was
able to reduce time from about 14% of integers. Increasing the error yet again
to 1074, it was able to save iterations on 99.7% of the integers while still being
within this relative error threshold.

The diagonal geometric sequence solver is available at ’Section 7/diagonal solver.py’
or within the command line program at ’Geometric Sequence Solver-
s/Diagonal Solver’.

The diagonal solver saved iteration measurement function is avail-
able at ’Section 7/diagonal tester.py’ or within the command line
program at ’Analysis/Diagonal Tester’.
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8 General weights and single iteration solvers

The previous sections have been able to provide formal analysis on the genera-
tion of geometric sequences of positive integers. The main function responsible
for creating these sequences has been the midpoint function as defined across an
array as a cumulation of element wise midpoints. The element wise midpoint

is of course defined as follows (223%) where g and a; are the real number

elements. This is equivalent to the following linear combination % % ZO of
1

weights. This section will expand the methodology to include not only a gener-

alized set of binary weights ¢y ¢ ZO , but also generalize this more broadly
1

ag
extending it to include and number of weights as well ¢y ... ¢
a”fﬂ

8.1 General solution for arbitrary kernels and inputs

This section will define formulas for an arbitrary amount of arbitrary weights.

8.1.1 General array function

The function that generalizes the concepts of the midpoint and anti midpoints
are quite easily constructed. They are in place algorithms that allow for the
correlation of the weights kernel to the elements of the array. C is the weights
list while A is the input vector.

2 eai] 1412 1€
Al <|C|
(26)

This defines the correlation between A the input and C which acts as a
sliding window across the input.

Successive application of the generalized formula yield different matrices
than the square cascade matrices generated by midpoints and anti midpoints.
The matrix will possess its initial row of A which is the same as before, but
there can only be |A| - |C| successive iterations applied. This means that the

I‘é‘ljj +1 which has a height that terminates
after no more applications can be applied. Clearly the only kernels that will
make a square matrix are those with only two weights. The number of non
zero elements within each row also changes to be the following formula where
j is the column number. In the general case, non zero elements could more
generally be described as uninitialized or non null values since 0 is a valid value
for the interior of the matrix since these no longer explicitly concern geometric
sequences. This also assumes that each matrix is initialized with null pointers
or null values instead of 0. However the term non zero and non null generally
will be regarded to be equivalent.

General ArrayCorrelation(A,C) = (AxC) = {g

matrix will be of dimensions |A| x |
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NonNullRowCount (i) = |A] — (i — 1)(|]C| — 1) (27)

|lal=t

The number of elements within the entire matrix is then equal to Y, ) o=

(i —1)(|C| — 1) which simply counts the non null elements within each row.

J+1
|Al-

Proof. Time Complexity of Matrix Generation

LAI=1 | g
z%MJ|vwmw+ww1

L=t 41 ‘
> %l Al +1C] =141 - |C))

(=] + 2041 +1Cl - D+ (1 =) .5
u@ijmm+wvn+a—wwm“”f“Mﬂ“

Let Hé‘ljj +1=n

(n+1)(|Al+0] = 1) + (1 - O] =g

— n|A| + |A| + n|C| +|C| —n — 1 + 224n _ |O|nin

=o' pn (O[O A4 n|C] = n+ Al +|C] - 1

—nl_[o? \A|—7+@+\A|+\C\—1

=#@—WUHMM|2+@HWWM+W%U

This clearly is in O(n?) since each element requires only a single convolution
from the previous row to be calculated.

Applying the Discrete Fourier Transform with an input and general kernel
would also likely provide an O(nlgn) time complexity since the operation is
simply a convolution that would be equivalent to a simple multiplication within
the transformed domain.

The general kernel cascade matrix function is available at ’Sec-
tion 8/general kernel cascade matrix.py’ or within the command
line program at *Matrix Functlons/ General Kernel Cascade Matrix’.

l{af=51+1
2

8.1.2 Generalized Leading Edge

A part of solving the matrix that is created when using a generalized kernel
involves finding each element’s value based on position in terms of the input.
Each row of the matrix is simply comprised of the GeneralArrayCorrelation
function of the non null elements of the previous row. The arrangement of the
matrix rows will now be dependent on the size of the initial input array. An
example will be shown to describe the general case with a matrix on a kernel
of size 3. The input array values are simply used to represent general variable
values. The matrix will be deconstructed since the sums are quite large.

Example 9. Finding the first row 3 element of the matrix for the purpose of a
demonstration

A= M[l] = [a0a1a2a3a4a5]

[a0a1a2a3a4a5]*[co, cy, Cg] = M[Q]:[Coa0+cla1 +coa9,cpa1 +cCras+caa3,coa+
c1a3 + c2a4,c0a3 + c1a4 + Coas]
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(M[2]xC)[1] (assuming 1 indexed array is a matrix row) = [¢o(coap +c1a1 +
caaz) + c1(coar + crag + caaz) + ca(coaz + craz + caay)

:cgao + coci1a1 + cgcea9 + cocray + c%ag + cicea3 + cpcoas + c1coas + c§a4

:cgao + C%ag + c§a4 + 2cqcraq + 2cpcaas + 2c1c0a3

:c(z)ao + c%ag + c§a4 + 2cqcraq + 2cpcaas + 2c1c0a3

Cl-1 |C|-1

=l I ecjain

This trinomial expansion demonstrates that this will be more of an advanced
counting problem than the case in which the length of the kernel is of length

2. The expansion of this element suggests that a general solution to the matrix
will involve The Multinomial Theorem. The theorem is as follows.

Theor(zm 13. The Multinomial Theorem At

S iy by T )

This theorem is rather tedious to use and inefficient to implement since the
sheer number of terms involved in each succession is quite large in the general
sense. There are quite a few steps and stages within the theorem. As can be
seen the actual number of terms is dependent on a number of factors. In prac-
tice this will not be used as the performing successive convolutions with the
symmetric kernel is equivalent and more intuitive. In his 1996 paper “Multino-
mial convolution polynomials®, Zeng extends the notions of binomial convolu-
tion used previously within Section 5.1 of this paper to the multinomial case.
These multinomials represent the “multinomial convolution family” in which the
“multi-convolution polynomials arise as coefficients” of the multinomial defini-
tion. [4]

Lemma 4. Taking the convolution of multiple convolutions on incrementing
index slices is equivalent to taking a single convolution over the entire range.

A = input array, K = kernel, k = |K|/

[(Alj : j+Ek—1]xK), (A[j+1: j+k]|*K), ..., (A[j+k—1: j4+2k—2]*K)]|*xK =
Alj:j+2k -2 % (K x K)

First verification of same dimensions.

LHS: Each inner valid convolution will create a singular scalar. There are
(j+k-1)-j +1, k elements within the inner array that is a valid convolution again
with K to produce a scalar.

RHS (K*K) will produce a resultant kernel of length 2k-1 using full convo-
lution. The inner array will house j+2k-2 - j + 1, 2k - 1 elements. The valid
convolution between these will produce a scalar.

The following would represent the LHS of a kernel of length n+1, [(A[j :
JH+n]*«K),(Ai+1:+n+1]*K),...,(Aj+n:j+2n]*xK)] * K.

=2 om=0(>p—o Alj +m 4 plky—p)kn—m (Definition of convolution)

= Z?n:O(ZZ:O A[] +m + p]kn—pkn—m)

Since the full range of elements of A that are being used ranges from Afj:j+2n/,
these terms can be collected and the summations can be reindexed.

= 3220 Al + SI(E g pes Frpkinm)

=A[j:j+2n]x (K x K)
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Therefore taking the multiple valid convolutions between a kernel and array
slice increments then performing a valid convolution upon those values is equiv-
alent to taking the valid convolution of the entire range of slices with the full
convolution of the kernel with itself.

Proof. Determining that successive applications of the kernel will result in the
multinomial theorem

Since these kernels C are not cascade, in terms of one dimensional signal
processing, taking the convolution is not equivalent to taking the cross correla-
tion (A % C) # (A% C). This can be mitigated by simply reversing C to be C’,
now (AxC) = (AxC"). Let ¢ = |C| and a=|A|. Also for the purposes of this
proof, both A and C will be 1 indexed arrays to be in line with the matrix.

A recurrence relation needs to be defined in order to properly map out the
general matrix.

M. — Dt Mic1jre1Cp i #1 {(Mi[j Jhe—=1]xC") i#1

J A; i=1 A; i=1

This recursively takes the convolution between proper elements from the
previous row. Each row of the matrix relies on the previous row’s elements and
the proper element within the reversed kernel.

Since each element is dependent on the convolution of the previous row’s
matching elements, which are in turn dependent on the previous row’s convolu-
tion etc, these convolutions can be commuted.

ngj :A[j Zj+C—1]*CI)

Ms;=[(Aj: G +c—1*xC"),(Aj+1:j+*C"),..., (A +c—1:j4+2c—2] «C")]x
O/

=[Alj:j+c—1,Aj+1:j+c],..., Al +c—1:j+2c—=2]]xC"xC’

=A[j:j+2c—=2]xC" xC’

It seems that the following is true.

pp, = JAT Dm0 i -
7 A[J] z:]_

Where C'™corresponds to taking the convolution with C’ against itself n
times.

Proof By Induction

Base case: i = 2

My = (Mlj 1 j+c—1]+C)

—(A[j:j+e—1] %0

— (Al G+ (2 D(e—1)]+C)

Inductive step: Assume that for i =k, M, ; = A[j : j+(k—1)(c—1)]xC"k~1),
then when i = k+1 My, = A[j : j + (k)(c — 1)] x C"F+1)

Since this defines each element from the previous row, My ; = A[j : j +
(k —1)(c — 1)] * C"*~1), Mj41; is simply the convolution between the correct
elements of Mywith C’.

The elements that will be convolved with C’ to yield M1 ; are [My, j, Mg j+1, .., Mg j4e—1]-
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Myy1,5 = [Mrj, My jr, ooy My jie1] % C7

=[Aj:j+(k—-Dc—-1D]*xC* 1) L Aj+c—1:j+c—1+(k—1)(c—
D] xC* =] x

=[Af:j+k—-1(c=1)]*C* 1), . Aj+c—1:j+k(c—1)]*C* 1]«

=[Aj:j+k—=1)(c—1)), ..., A[j +c—1:j+k(c—1)])]* C* (Lemma 4)

— Alj: j+ (k)(c— 1)+ O

Since Formula 28, is defined as successive convolutions within the time do-
main, would lead to the exponentiation of the transformed kernel weights within
the frequency domain. This clearly would need to utilize the multinomial theo-
rem since the correspondent C’*~!, will represent the weights as a multinomial
in the frequency domain multiplied by the transformed corespondent slice of A.

With the knowledge of Formula 28 in mind, solving the entire general matrix,
it seems that performing the explicit multinomial theorem is not necessary and
simply taking convolutions upon an input range is more effective.

Additionally, this allows this structure to be classified as a group with the
convolution operator acting upon the space of all geometric sequences of length
k 4+ 1, and the midpoint/antimidpoint kernels.

e Identity. It has been shown that the geometric sequence of base a = 1,
b = 0, is equivalent to the Kronecker Delta where the first element is 1
and everything else is 0. Convolving any sequence A with the Kronecker
Delta will return A, A = (A % 9).

e Inverse. It has been demonstrated that for some input sequence of base
b, an element of ¥/ = bg—l. Applying the anti midpoint kernel to this
sequence will return the sequence to its original base. The anti midpoint
kernel acts as the inverse by mapping HTl — -1+ 2“71 =—1+b+1=10,
which returns the initial base.

e Associativity. Since the operator defining this group is convolution, the
associativity property holds for this structure.

e Closure. The midpoint kernel [1, 1] represents the constant geometric

sequence a = 1, b = %, k = 1. The anti midpoint kernel [-1, 2| represents
the geometric sequence a = -1, b = -2, k = 1. Therefore both the forwards
and inverse operations are geometric sequences. When operating either
of these two sequences together with any arbitrary sequence, it has been
shown that a sequence is returned.

A simple valid mode cross correlation function (dot product) is
available at ’Section 8 /cross_correlation.py’ or within the command
line program at ’Array Functions/Cross Correlation’.

The general kernel using convolution cascade matrix function is
available at ’Section 8/kernel convolution cascade matrix.py’ or
within the command line program at 'Matrix Functions/Kernel Con-
volution Cascade Matrix’.
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8.1.3 Repeated Convolution Example

Example 10. Application of Formula 28.

This application will attempt to find M3 4 using only Formula 28. The
following represents the fully solved matrix with C = [%7 %] = (' and A =
[3°,31,32,33,34,3%. |C] =k =2

1 3 9 27 81 243

2 6 18 54 162 0

4 12 36 108 0 0

8 24 72 0 0 0

16 48 0 0 0 0

32 0 0 O 0 0
Using Formula 28 states that M3 4 = A[4:4+ (3 —1)(2—1)] xC"3~1

= A[4:6] % C?
[27,81,243] x C?
Finding the twice full convolution of C is [§, 1] * [, 3]. Any bound not

contained within the kernel that the summation might find is assumed to be
zero for padding. Assuming C is 0 indexed.

C
= UM [ s Chm1—pCh—1—m]
=D ntpm0 Ck—1=pCh—1—ms Dy pe1 Ch—1—pChim1—ms Dyt pe Ch—1—pCh—1—m]
The 0t element
Zm+p:0 Ck—1—pCk—1-m
_ 2
= Cr—1
_ 1

=1

The 1%%element
Zm+p:1 Ck—1-pCk—1-m
= Cg—1Ck—2 + Ck—2Ck—1
= 2cp_1Ck—2

ol 1
_12*2*2

Tﬁe 274 element (Even though by the symmetry of kernel, this must equal
the calculation will still be shown)

Zm+p=2 Ck—1-pCk—1—m

= Ck—1-0Ck—1—2 T Ck—1-2Ck—1—0 T Ck—1-1Ck—1—1

= Cp—1Ck—3 + Ck—3Ck—1 + Ck—2Ck—2

1
1

=Ci_s

-1

1

Cho (1.1

Now [27,81,243] « [, 3, 3] (Note this does not mean the multiplication be-

tween the vectors however the valid convolution is equivalent to the dot product)
This is the sum of element wise multiplication

=1 %27+ £ %81 + $243

=108

This shows that the Formula 28, retrieved the identical answer to the previ-
ous midpoint/anti midpoint methods.
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Another example could use the same input, but switch out the kernel of
[2, 1] to be [, 3, 4] or even [, 7]. Seeing the effects upon an arbitrary input
is not too useful as it already has been solved for every position within the
matrix. Determining the generation of leading edges using geometric sequence
inputs with this methodology could be helpful. Potentially Formula 28, can be
simplified under this input constraint which could generalize Formula 10 and

Formula 11.

8.2 General Leading Edge Formula
8.2.1 General Formula

Defining the input as a geometric sequence of axb™, Formula 28 can be simplified
(a UJ+ i—1)(k—1)— [bs+j—1]) %O £
axb—t i=1
where C’ is the rotated kernel, a is a scalar, b is the base of the sequence and

|C|=k. Including only the leading edge (the first column) will simplify this even
further.

assuming M is a 1 indexed matrix,M; ; =

(U T ) set i£

M;q1 = .

’ 1 1=1

The valid convolution can be treated as a dot product between the sequence
and the kernel.

il —azl D=1 psri=1 when €70 = [1]

Slnce by Lemma 4, it was demonstrated that taking successive full convo-
lutions of a kernel against itself will result in the coefficients of the polynomial
P(x) = (XFZ) eqx®)'=1 where ¢, represents the value of C7i~1, simply taking x
= b, will result in an equivalency to this M, ;

=aP(b)i~!

Therefore the general leading edge generation formula is of the following
form.

a * Midpoint Leading Edge(|J;—, 1[61]) = U?:_Ol [a(¥HL)7]

n—1 n—1
a x General Leading Edge( U b)) = U aP(b)! (29)
1=0

1=0

Where P(x) = (Zf;ol cs2®)*! or the full convolution of the kernel with
itself i times then with the geometric sequence.

This shows that any geometric sequence input with any arbitrary kernel will
achieve a leading edge geometric sequence.

By using this formula, it is sufficient to simply calculate P(b) or the kernel
convolved against the first k element in the input to find out the base of the
sequence. Additionally, WLOG, a = 1.

|Cl-1
ResultingBase(b,C) = Z b C,, (30)
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The proposed examples C = [3,2,1],[%, 1] will now be simply demon-
strated.

Example 11. C = [2,2,%]

This will first be demonstrated on a generic base b.
1 1 1
b/ — bO§ +b1§ + b2§
_ b04bl b2
2
This kernel represents a triple midpoint of sorts, but this kernel does not
represent a weighted mean and would have to be normalized to be considered
such.
Following the original Example 10, b = 3. So this kernel would result in
p = 30431432 o &
5 .

For kernels of equal weights, the following identity can be used.

|Cl-1

. el —1
EqualWeightedKernel(b,C) =b" = ¢ Z b" = co—r b1 (31)
n=0
Sob/ =121 =65

Example 12. C = [1,1],b =3
Using Formula 31.
_ 13%-1
V=35 =1
This is interesting as it would suggest that using these weights would provide
a direct step from 3 to 1, the kernel that would be corespondent to inverse of

this operation could be found which will be discussed in Section 8.2.2.

Proof. Finding if the the cascade matrix is equivalent to the outer product of
the input and output vectors.
Alj:g ,—1)(c—1
By Formula 30, b’ = Z‘Cl 'y, and by Formula 28, M, ; = {AF} i+ =1)(c—1)]
J

Therefore M; ; = b1 = (X191 pn ey, )i tpi—1,

When 1,j=0, this has already been shown to be the case since these represent
the inputs or the leading edge which are purely geometric sequences of b or b’.

This means that the problem is simplified to (319151 pn ¢, )i=1pi =1 = YU DD [pet]x

Clifl
P(b) EICI Lyne
(P(b))i—! = z“ 1j(cl-) C!"~1p* (By The Multinomial Theorem)
So (E|C| 1 »C )1 1b] 1 Z(Z H(lc|-1) C/z 1bs
This is equivalent to the convolutlon within the RHS.

8.2.2 General Kernel Solutions

Since this method always produces a geometric sequence upon the leading edge,
an easy shortcut can be taken.
An inverse kernel K must be found to satisfy the following condition.
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Sy (T oM Cn) K = b

By having K not necessarily being the same length as C, too many free
variables are introduced, but by imposing an additional constraint |K|=|C],
some simplification can occur.

S (s b Ca) K] = b

=i () K]

This is identical to solving the linear system, just using a general b and C
kernel, [b'] = [b°, b1, ..., - [co, c1, ..., )01

There a |C|-1 free variables within this system which only allows for a clearly
defined kernel when |C|=1.

There are some constraints that can be imposed upon the kernel to allow for
a potentially easier time finding a working kernel.

When a kernel can only possess a single repeated weight this system becomes
simplified.

Using Formula 31, cg b‘;lIl =¥

Solving for the weight can be done easily.

co = %7 which gives the weight.

Other than this property, the weights can be arbitrarily defined as long as
they follow the dot product condition properly equating to b’. Kernels might be
chosen for a variety of reasons, ease of calculation, symmetry or to use a single
repeated weight.

k=2

Assuming a defined b and b’, then

Cobo + Clbl =0

co+cib="V

Now the inverse of this

kob'® + kbt =b

ko + k1(co + c1b) = b (Expressing b’ in terms of b)

ko + kico + kicntb=10>

This can now be split up into two different equations separating the linear
and constant terms using the method of undetermined coeflicients.

(1) ko + k1co = 0 and (2) k1c1b = b, k1cn = 1,k = (No variables can be

1
c1
0)

Plugging (2) into (1), ko + ¢ = 0,ko = ™

Now K = i[—co, 1], fully represented in terms of C.

This means that for the input kernel to have the arithmetic mean property
that cg+¢1 =1, K = ﬁ[fco, 1] and 1*_020 + 1_160 =1 is true. Meaning that
an arithmetic mean kernel will result in an arithmetic mean inverse kernel as
well.

This describes the relationship between the kernel C and the kernel K, that
when applied successively will act as the inverse when both are of length 2.

When verifying this for the midpoint and anti midpoint weights, this cor-
rectly determines the inverse weights.

For anti midpoint ¢g = —1,¢1 =2 -> kg = %, k= %, but when using these
k values as ¢ it doesn’t work.
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forcozézcl—ﬂcoz—l,klzl

k=3

(1) Cobo + Clbl + 02b2 =b and (2) koblo + ]ﬁbll + ]4}2[)/2 =)

Plugging (1) into (2)

ko —+ kl(CQbO + Clbl —+ Cgbz) —+ kQ(CObO —+ Clbl =+ CQb2)2 = b

ko + kico + kicib + k1€2b2 + kQ(CO +c1b+ 02b2)2 =b

This already involves a quadratic trinomial that needs to be expanded which
would need to use The Multinomial Theorem.

However the largest power of this will include only a single (cab?)2, koc2b?,
but there clearly is no b* terms on the RHS so this means that k202b4 =0 so
ko = 0 leading for an easy simplification of the rest.

k‘102b2 =0 ]{31 =0

klclb = 1, 0=1

This contradiction determines that this type of inverse kernel is not possible.

Proof. Inverse kernels of length greater than 2 are not possible.
Assume k > 2 produces a valid inverse kernel.
(1) Y40 bie; = b and (2) Y02 07k; = b
Plugging in (1) into (2)
k=1 k=15 \j
>0 (2izg b'ci) k= b
This inner sum will create some polynomial,P with weights p; and degrees
of b ranging from 0 to (k-1)j
k—1
Z] O (b) = b
S0 Sl e =
These two sum will create yet another polynomial W with coefficients w; =
Zf [1 i K;CY with degrees ranging from 0 to (k — 1)2
k—

Dl w<b>
E(k 1)2 —b

Clearly usmg the method of undetermined coefficients, the RHS only con-
tains a singular linear term of b. This would result in all of the weights w;
where 7 > 1 to be wjbj = 0,w; = 0. Whenj =1, w1b1 = 1 which cannot
be true since by the definition of w; = ZJ = ]KlCl Zk ! K;CY

depends on all of the other weights from 1 to k 1 which were determined to
be 0 for j > 1. so w; = K;C] = 1. Although since it was determined that
wjs>1 =0= Zk ! K; C’” all K; must be zero in order to fulfill this since each
term is hnearly mdependent ThlS results in wy = 0 which is false since it was
already determined to be 1.

Due to this property, only kernels of size 2 would be ideal for performing
back and forth calculations. Kernels of a larger size might not be guaranteed to
have an inverse kernel that would undo the operation.
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8.3 Specific Kernels
8.3.1 Binary Kernel

Since the of these operations are geometric sequences and binary numbers are
simply linear combinations of geometric sequences of base 2, it would be possible
to build a kernel that takes advantage of this.

Lets assume a base b = 2 and a kernel C, which is the binary representation
for some number b’ (For example b’ = 6 -> C = [0,1,1]) where the least signif-
icant bit is the left most bit. Applying this kernel upon the base [2°,2!,22..]
should produce an interesting result. Since this is a kernel C of arbitrary length
and it is being operated upon a geometric series, the resulting leading edge must
be another geometric sequence. This assumes that b’ is a positive integer.

Proof. The leading edge provided by successive operating on a binary kernel
representing b’ with the least significant bit first, upon a base 2 input results in
the geometric sequence of the base of b’.

Using Formula 30, The base of the leading edge is equal to the following
Z|C| 1 e

Since b = 2, then E‘nczlgl 2"C,.

C,, represents the binary version of b’. So this sum would match the least
significant bit of b’ with 2° and the rest of the bits with their corresponding
power of 2 to fully recover b’.

Therefore using the binary representation of b’ as the base yields a leading
edge geometric sequence base of b’.

Example 13. Binary base with b’ = 10

This result should not be very surprising since the cascade matrix has been
shown to be is equivalent to the outer product of the input and leading edge..

20 2! 22 23 24 25 26
Using b’ = 10, k=[0101] 20 4 23 2l 424 9224925 23496
(2! +2%) + (2% 4 26)
This matrix is equivalent to
20 2! 22 23 24 25 26
20(10) 21(10) 22(10) 23(10)
22(10) + 23(10) = 10(10)

A solver could be created to perform this task as this kernel guarantees
that b’ will be reached in a single iteration. If a geometric sequence of highest
exponent k would be found, the height would need to be equal to k + 1.

Proof. Length of input when using a binary kernel to generate a geometric
sequence
|A]-1
k+1*hm1J+1
|A|-1
L|C| 1]

Slnce C is simply the binary representation of b’, then |C| = bit length of

b’.
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|A]—1
kﬁmﬁkﬁ-l

= log2(b)~1
kloga(V) < |A|

Case 2:

o S k41

Al =1 < (logs (b') — 1) (k +1)

|A| — 1 < Kkloga2 (V') + loga (V') — k — 1

|A] < kloga (V') + loga(b') — k

|A| being within this margin will guarantee that there is enough input values
to convolve with. Although this might not be an integer which is necessary as
an array length so simply using

|A| = [kloga (V') + loga (V') — k] will suffice.

The following program uses these principals to accurately compute the ge-
ometric sequence of an integer in a single iteration. This leads to a time com-
plexity in O(k?), since the singular iteration is able to completely remove the
Inb' memoization procedure.

The binary base solver is available at ’Section 8 /binary base.py’
or within the command line program at ’Geometric Sequence Solver-
s/Binary Base’.

8.4 General base b

The midpoint methods were defined to use either an initial b = 1 for positive
integers and rational numbers, or b = 0 for negative integers. This meant that
the initial base after the initial transformation was b = 2 for positive integers,
b = % for rational numbers and b = —1,—2 for negative integers. This was
shown to be a valid way to calculate an floating point valued real number as a
geometric sequence. Calculating for example the geometric sequence of b’ would
require [logeb'| full iterations of matrix solves or element wise multiplication by
the base 2 geometric sequence. Could starting from some other base potentially
result in a memoization of bit length [logyd’]? Would this also mean that the
memoization would be a base b number? This section will attempt to generalize
the midpoint and anti midpoint base building techniques and memoizations.

8.4.1 Defining the general kernel

It has been shown that any arbitrary kernel can be used, but in order for the
memoization to be easily transferable into a base b, string certain conditions
must be met. The initial base should start from b = 1, but the only thing that
is different would be the weights of the kernel. Defining a kernel of length 2 is
also preferred since an easily achievable inverse kernel can be found as well.
Let C = [cp,c1], then the resulting base would be ' = ¢y + bey or in the
1

inverse kernel, K = E[_CO’ 1], b = _cf" + %, since b’ is equal to the weights
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applied to the first elements of the sequence. This inverse can be verified b =
Co + c0+bc1 .

. Now :Ll kernel must be constructed to take b = 1 to the arbitrary b’ and b’
to b.

b/ = Cp + C1

This still leaves several options for the kernel and does not simplify the
search much at all. Another condition must be applied as well. When previously
creating the constant memoization, the following technique was used. f(s,n) =
b = s2mt — 370 2" m,.where[loga(b)] = n + 1. This helped define the
memoization as successive applications of the anti midpoint function upon the
input [m;, s] where s is the starting point and m; is the i** memoization bit.
This meant that when the memoization was set to be equal to 0, the ¢y term
was not present. This zero memoization is what encoded the jump from 1 to
2 as simply a multiplication by 2. The same attribute can be applied to the
general case, wherein the 0 memoization must be able to take b to b’ only with
Cy.

Applying this to the general case. b’ = ¢y + ¢1 = com; + c1b

Setting this memoization bit to 0 c;b = b'. Since the b has been set to 1
in the initial clause for this section, ¢; = b’. This allows for the kernel and
inverse kernel to be totally solved. b’ = ¢o + b, ¢y = 0, but this solution is not
helpful, the memoization must be able to influence the output base. Simply
setting ¢y = ¢; = b’ is a suitable solution.

This will allow the forwards kernel to be as simple as C' = [V/,b'] and the
inverse kernel to be K = [-1, #].

8.4.2 Memoization

The memoization can be described as taking the C weights to b until b’ is
reached or taking the K weights to b’ until b is reached. The meaning of b’ is
now the final base of the geometric sequence after multiple iterations. b=s = 1.

b = (comy...c1(comy + c1(como + ¢18)))

n=0

comg + C18

n=1

comy + c¢1(comg + ¢18)

comi + cicomog + c%s

n=2

coma + c1(comy + crcomo + ¢2s)

come + c1comy + c?como + c:fs

It seems like the following pattern is true. b’ = scf™' + ¢ S mct

Isolating the memoization terms.

f—gcn Tt n .
Yosey™ _ Y io micy where [loga(b)] = n+1

co
b — selloos®)]

General Memoization(b,b', s, co,c1) =
Co
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b = the base of the memoization encoding

b’ = the final desired base of the geometric sequence

s = the initial starting point

co = first weight in the kernel

c1=second weight in the kernel

This general memoization describes the memoization for any two element
kernel in the contractive mode when b < 1.

Since C = [co, ¢1] = [b, b], this can be simplified to be b — sbltog (@)1,

The inverse kernel K = [—1, %] in the expansion mode when b < 1, can be
b —si [logy (b')]

simplified from — to s(b)~TogdT _ /.

The final piece that allows a program to be created with this information is
for rational numbers to be covered.

They will be treated identically to the b = 2, case. The memoization will
be simply (a — 1), as was before. Additionally, the approximation must be
slightly altered from the b = 2 case. The previous approximations were trying
to approximate the rational number between 0 and 1 to be of the form o,

however this clearly is in the incorrect base, therefore the approximation is
a

found in the form ;5-. The proof of the error bounds remains almost entirely
the same from Section 6.3.1, but the 2" scale factor is of course changed to b",
which does not effect the bounds other than that simple substitution. Finally
the scaling that must occur for rational numbers over 1 must be changed to be
of factors of b™.
The general base memoization is available at ’Section 8 /general memoization.py’
or within the command line program at ’Memoization Functions/-
General Memoization’.
The general base approximation function is available at ’Section 8/base b rational approxi
or within the command line program at ’Rational Approximation
Functions/Base b Rational Approximator’.
The general base geometric sequence solver is available at ’Sec-
tion 8/general base.py’ or within the command line program at

’Geometric Sequence Solvers/General Base’.

8.5 Dynamically Assigned General Base

The base parameter within the function, adds additional control that is quite
important for creating more efficient integer memoizations and precise rational
bases that do not need to be approximated. Previously with b = 2, finding
the geometric sequence for something as simple as  would require 54 iterations
with full 1076 precision approximated as 8904799503160661 'y hich is correct, but
in b = 3, this can be found with a single iteration 3% This method does not
alter the time complexity since the memoization is of the length [logyb'], which
from the Section 8.1.1 proof, executes a total of

[logeh'1(n?(5 — 15) + 01 (1A] = 5 + 151) +n°(14] + |C] = 1)),

(b )(2 4 (k4 1+ 1) + k) operations. (|C| = 2, |A| = k+1)

This still tends to be within O(n2Inb’).
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This does not alter then time complexity, but it can alter the number of
operations quite considerably.

8.5.1 Finding the optimal base

Clearly it is easy to manually adjust the base that should be used. The base
should be the largest possible that does not have more numerical representations
than the b’. This directly points to using b = b’ for integers which will solve
the entire sequence in a single iteration with memoization of 0. For rational
numbers, the denominator should be used as b, which will exactly yield b’ with
no need for approximation. Using these large arbitrary bases is equivalent to
just performing, H?:o b. This uses costly multiplications by large numbers.
However applying a constraint upon b where it must be equal to a power of
2, allows for successive bit shifting an subtraction to produce the geometric
sequence. This is more in line with the core ideas behind the genesis of this
paper. Leveraging the speed of the bit shifts to calculate geometric sequences.

8.5.2 Bases in the form 2¢

This will transform b from an external parameter, to be dynamically calculated
and dependent on b’. The most optimal solution will be defined as the base that
yields the shortest memoization with the minimum base. This can be done in a
brute force method using Formula 32, to simply find the first base that follows
this criteria.

Example 14. b = %t, t is an increasing natural number, b’ = 10. s = 1 for
integer.

The general memoization function can be altered to the following

Qt(lothb"\ —_y

t=1

2lteg2101 _ 10 = 6,[0, 1,1, 0]

t=2

22[tega101 _ 10 = 6,[1, 2]

t=3

23[legs101 _ 10 = 54, [6, 6]

t=4

24]’[09161[)} —10 = 6, [6]

t=5

24[leg16101 _ 10 = 22, [22]

Clearly at this point since 2* > 10, the memoization will just be 2t — 10

On the topic of this Example 14, it is not very clear which solution actually
provides the greatest efficiency gains. It is somewhat more apparent which
solutions fail to do this. Any t > 4 clearly is not helpful.

t = 1 has the lowest 2 norm

t = 2 has the fewest elements with the most minimum values

t = 3 has higher values than t = 2, but has a larger base

74



t = 4 possesses the minimum number of elements with the minimum base
The following are points of minimization that might effect the overall com-
plexity.

1. The 2 norm is an important metric when ranking the memoizations as
it suggests the distance of the memo elements are from 0 which suggests
perfect memoization.

2. The length of the memoization is also an important metric when ranking
the memoization as it reduces the number of iterations required which are
quite costly.

3. Having a larger base could be beneficial since it means the memoization
could be shorter since the starting point is higher, however this is not a
steadfast rule

Since the entire scheme requires (%] (%Z +nl(k+1+3)+k)n= Hél‘jj +1=
k + 1 operations, this function should be minimized.

Y (5 1 (k+ 1) (b + 1+ 3) +K)

= [t (1.5k2 + 4.5k + 2)

Clearly the largest factors to the number of operations is the exponent k,
which is not controllable. [%W,however is controllable. Since In(b) is a mono-
tonic increasing function, taking a larger value of b will result in less overall
operations completed, but will not alter the running time complexity. This
item works by altering the maximum length of the memoization which is help-
ful in reducing additional iterations. This raises t = 5, to potentially being a
viable solution as well since it minimizes the overall number of memoization
steps.

When comparing t = 4 and t = 5, there are two different concerns that might
influence the efficiency of these operations. Using a lower base will require less
bit shifts to occur since the kernel [—1, 16] requires four bit shifts per convolution
and m; subtraction by 1 operations. The kernel [—1, 32] requires five bit shifts
and m; subtractions per convolution. This means that t = 4, has (1.5k2 +4.5k +
2) less bit shift operations which might increase the efficiency. The number of
subtraction operations is indeterminate in the general case as it depends on b’,
but in Example 14, t = 4 6 — 16b, t=5 22 — 32b, the difference between the
two constants is 16, which generally has no performance difference. Although
if this difference was on higher orders of magnitudes, reminiscent of a larger
b’, then minimum of these two would be preferential. This is is not the most
important feature although it might be useful to note when exceeding native
word sizes within an embedded system with a smaller frame or with very large
exponents. For this sake, the memoization with the minimum number of items
and minimum 2 norm.

For large b’ it is important that manually iterating through every single
memoization would add [logsb’]+1, additional operations. Memoizations should
only be checked within a neighborhood around b’. Clearly, no memoization
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should be observed after t = [logeb’] + 1, potentially t = [logab'], might be the
optimal solution.

Proof. t = [logab']

U U
The memoization will be 2110920 11009, r10g501 1y
2t]’log2gb"\ Yy
loggbl

_ 2”[0!122{\ Y
— QL(W] —
— 275]'%] —y

— 2t . b/
2[log2bq v

This means that the L memoization is equivalent to the t = 1 memoization.

(28 —b')oe,

The corresponding t = [logsb'] + 1, would possess another bit in the binary
representation than when ¢t = [logab']. This extra bit will make the 2 norm of
t = [logal'] to be smaller. Since the memo items within the memoization are
the groupings of different bits, this additional bit could potentially add another
grouping of t bits. This allows for ¢ = [log2b’] to possess the minimum memo
items and minimum 2 norm. b’ will always be less than 2¢, so due to this, the
memoization will always be of length 1.

Adding a pre stage to call the general base() function, will guarantee that
the solver will execute in a singular iteration. This does alter the running time
complexity of the algorithm to be in O(k?) as this is only a single stage since
the memoization will always be of length 1.

The dynamic base geometric sequence solver is available at ’Sec-
tion 8/dynamic_general base.py’ or within the command line pro-
gram at ’Geometric Sequence Solvers/Dynamic General Base’.
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9 Results Comparing The Execution Time of Each
Method

This concludes the mathematical portion of the work to transition into mea-
suring the actual performance of the proposed algorithms.These solvers will be
compared against each other and by other geometric sequence generation al-
gorithms based on their shared domain. The python programs are not hyper
optimized and they represent almost exactly how the formulas have been shown
to work. No python specific tricks or faster libraries have been used. The only
outside libraries used are the scipy signal convolutions and the numpy Fast
Fourier Transforms. The function that will be tested is of the kind f(b, k) = ¢,
where b is the desired output base of the sequence, k is the highest exponent of
the sequence, and t which is the output time in seconds. The sections regard-
ing the practical running time of these algorithms will be broken down by base
domains: N,Z,Q and exponent domains:N,Z.

The sections will include charts and tables detailing the execution over sev-
eral inputs. The specific time values are not the main focus of these trials, it
only serves as a general way to measure the relative efficacy of function against
each other. Each trial outputs two charts and one statistical table. The first of
the charts is four quartile divisions of the sampled domain in which the group-
ings have their timing averaged for each exponent. Each of the solver methods
are overlaid onto the charts as a form of comparison. The next chart is the
timing surfaces for the sampled inputs. This chart shows the full timing surface
with no averaging, showing the effect of the base cross exponent input. The
final chart of the series is a heat map that compares the difference between
the numpy geometric sequence solver and each of the other bespoke solvers.
This gives what is essentially a top down view of the surface charts. This heat
map matrix allows for trends to be shown in the timing of different bases and
exponents when compared against the baseline numpy solver.

Initial runs of the solver testers were conducted on a general purpose M1
MacBook Pro with 8GB of ram. The limited processing speed as to which this
was running under was only enough to produce single iteration tests with some
variation amongst tests. Transitioning the tests onto a more substantial RTX
4060 Ti with 32 GB of ram, allows for multiple iterations to be ran smoothing
variations. Each curve, surface, and table is the result of 30 averaged trial. This
gives more of a clear picture of the true nature to the shapes of these curves
and surfaces. Unsurprisingly, these tests provided results with lower runtimes
on the more advanced hardware which is able to more effectively demonstrate
the uses for some of these methods.

This section will end off with some practical applications of geometric se-
quences, evaluating power series through function approximation, ordinary dif-
ferential equation solving, and inelastic bouncing simulation. These all trans-
form geometric sequences in some capacity which are generated using the ratio-
nal sequence solver.

The geometric sequence solver comparison function is available at
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’Section 9/solver comparison.py’ or within the command line pro-
gram at ’Analysis/Solver Comparison’.

9.1 Positive Integer Domain

9.1.1 Positive Integer Base, Positive Integer Exponent: Function
Inputs

The first class of functions are the positive integer domain solvers. These solvers

require both a positive integer base and exponent. Both bases and exponents

range from 3 to 100 which encompasses evaluating numbers from 33 to 1001%°.

This limit was arbitrarily set and is equivalent to a little more than 2664, which

is far larger than the maximum 64 bit integer and is below 128'28, which has

crashed the Fast Fourier Transform. The functions that will be tested are Sec-

tion 6 positive integer sequence, Section 6 spectral geometric_sequence, and

Section 8 binary base which will be tested against the Section 9 numpy geometric sequence.

The numpy geometric sequence solver is available at ’Section_9/numpy geometric_sequence.

or within the command line program at ’Geometric Sequence Solver-

s/Numpy Geometric Sequence’.
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9.1.2

Positive Integer Base, Positive Integer Exponent: Quartile Av-
erage Charts

Figure 6: Positive Integer Solver Quartile Averages

Performance Analysis: POSITIVE_INTEGER Mode
Bases: [3, 100] | Exponents: [3, 100]
Divisions: 98 | Iterations: 30 | Error: 0.0001
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9.1.3 Positive Integer Base, Positive Integer Exponent: Surface Charts

Figure 7: Positive Integer Solver Surfaces

3D Performance Topology: POSITIVE_INTEGER
Iterations: 30 | Total Data Points: 1152480

Terrain: binary_base Terrain: numpy_geometric_sequence

Terrain: positive_integer_sequence Terrain: spectral_geometric_sequence
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9.1.4 Positive Integer Base, Positive Integer Exponent: Heat Maps

Figure 8: Positive Integer Solver Heat Map
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9.1.5 Positive Integer Base, Positive Integer Exponent: Function
Statistics

Table 1: Positive Integer Solver Statistics

Function Mean Standard Max Median
Name Time (us) Deviation (us) Time (us) Time (us)
numpy_geometric_sequence  1.34 32.12 17241.48 1.19
spectral _geometric_sequence 247.75 235.77 1132.49 159.26
positive integer sequence 249.44 261.34 1666.78 159.98
binary base 2260.09 2107.59 10091.78 1593.11

9.2 Integer Base Positive Integer Exponent

9.2.1 Integer Base, Positive Integer Exponent: Function Inputs

The class of functions that can only process an integer base and positive integer
exponent only possesses a single function, Section 6 all integer bases. This
method is essentially an extension of Section 6 positive integer sequence, but
with negative integer aware memoization. Integer bases -100 to 100 were tested
with exponent integers ranging from 3 to 100. It is important to note that the
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memoization involved does not simply alternate the base’s sign, but it is a unique
combination with a different starting point from the positive counterpart.

9.2.2 Integer Base, Positive Integer Exponent: Quartile Average
Charts

Figure 9: Integer Solver Quartile Averages

Performance Analysis: INTEGER Mode
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Divisions: 201 | Iterations: 30 | Error: 0.0001
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9.2.3 Integer Base, Positive Integer Exponent: Surface Chart

Figure 10: Integer Solver Surface Charts

3D Performance Topology: INTEGER
Iterations: 30 | Total Data Points: 1181880

Terrain: all_integer_bases Terrain: numpy_geometric_sequence

9.2.4 Integer Base, Positive Integer Exponent: Heat Maps

Figure 11: Integer Solver Surface Heat Map

Performance Deltas: pivoted_averages_int
Blue = Faster than Numpy | Red = Slower
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9.2.5 Integer Base, Positive Integer Exponent: Function Statistics

Table 2: Integer Solver Statistics

Function Mean Standard Max
Name Time (us) Deviation (us) Time (us)
numpy__geometric _sequence 1.38 40.35 31016.35
all integer bases 276.7 286.06 2102.14

83

Median
Time (ps)
1.19
178.58



9.3 Rational Domain, 0 <9 <1

9.3.1 Rational Base, Positive Integer Exponent, Error 10~2 and 10~8:
Function Inputs

The rational bases has been spit into a singular set. This set contains only
bases that fall between 0 and 1. The domain subsections are done in this way to
be able to efficiently visualize the effects of each of the subsets. The domain is
sampled into 1000 intervals of length .001 intervals from from 0 to 1. Having the
.001 precision. The remaining rational solvers are able to handle any rational
base input and any integer exponent. Only positive integers are demonstrated
since the logic of negative integers within this rational domain number 1 is to
the same effect as numbers within the next rational domain 2. Negative rational
bases are also not demonstrated since the logic that allows that to work simply
takes the positive version and alternates the signs which would not add any real
time to the execution. Finally, rational bases that are larger than 1 are not used
as well since in practice, these are simply scaled to be within 0 < V' < 1.

The rational solvers rely on the rational approximation algorithms which
require an error bound. Tests were conducted with a bound of .01 and 1078,
to demonstrate a potential difference in execution time. This calculates about
three million sequences per function and takes several hours to achieve these
results.
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9.3.2 Rational Base, Positive Integer Exponent, Error 10~2: Quar-
tile Average Charts

Figure 12: Rational Solver Quartile Averages Error 102
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9.3.3 Rational Base, Positive Integer Exponent, Error 10~2 Surface
Charts

Figure 13: Rational Solver Surfaces Error 1072

3D Performance Topology: RATIONAL
Iterations: 30 | Total Data Points: 14700000

Terrain: diagonal_solver Terrain: dynamic_general_base

Terrain: naive_sequence Terrain: numpy_geometric_sequence

Terrain: rational_sequence
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9.3.4 Rational Base, Positive Integer Exponent, Error 102 Heat
Maps

Figure 14: Rational Solver Heat Maps Error 1072
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9.3.5 Rational Base, Positive Integer Exponent, Error 10~2 Function
Statistics

Table 3: Rational Solver Statistics Error 102

Function Mean Standard Max Median
Name Time (pus) Deviation (us) Time (us) Time (ps)
numpy geometric_sequence 1.43 24.41 41838.65 1.43
naive sequence 1.83 13.83 23651.12 1.91
rational sequence 308.85 336.75 245622.63  224.59
diagonal solver 1300.05 1282.61 138550.04  835.9
dynamic general base 1465.37 1369.2 11747.6 1030.45
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9.3.6 Rational Base, Positive Integer Exponent, Error 10~® Quartile
Average Charts

Figure 15: Rational Solver Quartile Averages Error 10~8
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9.3.7 Rational Base, Positive Integer Exponent, Error 10~% Surface
Charts

Figure 16: Rational Solver Surfaces Error 108

3D Performance Topology: RATIONAL
Iterations: 30 | Total Data Points: 14700000

Terrain: diagonal_solver Terrain: dynamic_general_base

Terrain: naive_sequence Terrain: numpy_geometric_sequence

Terrain: rational_sequence
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9.3.8 Rational Base, Positive Integer Exponent, Error 10~® Heat
Maps

Figure 17: Rational Solver Heat Map Error 108
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9.3.9 Rational Base, Positive Integer Exponent, Error 10~® Function
Statistics

Table 4: Rational Solver Statistics Error: 10~8

Function Mean Standard Max Median
Name Time (us) Deviation (us) Time (us) Time (us)
numpy geometric_sequence 1.48 80.22 131955.62  1.43
naive sequence 1.81 9.81 16735.79 1.67
rational sequence 835.64 725.92 93438.39 638.96
diagonal solver 3077.79 2898.58 16970.63 2064.23
dynamic general base 3365.81 2945.5 242035.15  2562.05

9.4 Applications of Geometric Sequences

All of the following applications make use of an z” term with an increasing n.
Any sort of formulation that uses this form can make use of geometric sequences
where the maximum value of n is calculated which allows for a sequence to be pre
calculated. These applications are interesting demonstrations of the full range
of uses of geometric functions. They also demonstrate that there is a direct

90



path from simplistic midpoint and anti midpoint operations to more complex
or useful solutions.
9.4.1 Taylor Series Function Evaluation

The Taylor Series is defined as the following, where a represents a point in which
the sequence is centered around, f is a one dimensional, infinity differentiable
function at ’a’ with an input of x.

() (g
fay =S LW gy (33)
n=0

n:

Clearly the (x — a)™ represents the elements of a geometric sequence. An
error bound E can be introduced to limit the number of terms calculated within
the sum. A simple bound can be instated where |t, = fT(a)\ < F denotes
that the bound has been reached. This could be pre calculated, however this
would be unnecessary since this ¢,,value is used to scale the geometric sequence.
In practice, a prefixed large number of elements (200 or 500) are generated to
compensate for this. When trying to evaluate for x, it is ideal to use a value of
a that is very close to x so the approximation can be as accurate as possible,
while obliging by the domain of f.

By engineering certain functions, desired approximation results can be achieved.

e f(z) = ¢ f(1) = e. Using an error bound E of 10716 allows for an
approximation of e to be 2.718281828459045 which has all of its digits
correct for all of its digits and exactly matches numpy.e.

e f(x) = 4arctan, f(1) = m. Using the same error bound E = 10716, this
yields an approximation of 7 at 3.1415926535897936 (17 digits) which is
accurate until the last digit which should be a 2. This approximation error
occurs even when increasing the bounds and is likely due to the limits of
the rational approximation method in 64 bits. It is however exactly precise
to numpy.pi when the last digit is removed.

o f(x) =+/z,f(2) = V2. Using E = 10716,/2 ~ 1.4142135623730951 (17
digits), which is again accurate to the 64 bit limit where the final digit
should be 0. This however is exactly equivalent to numpy.sqrt(2).

e This can also be used in a manner that is quite overkill. f(z) = 2%, f(20) =
220, This is completely valid as a series although the implementation is
unnecessary since a geometric sequence can be used to solve this exactly.
It results in 1048575.9999999999 which does round to 1048576 which is
correct.

The Taylor Series solver is available at *Section 9/power _series approximation.py’
or within the command line program at ’Applications/Power Series
Approximation’.
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9.4.2 First Order Ordinary Differentiation Equation Solver

The Taylor Series can also be used to solve Ordinary Differential Equations
initial value problems. The formula is as follows where y*) is a differential
equation of t and y This iterative method solves for y at different intervals i
where h is the step size, n controls the precision, by using the initial value or
previous calculated value.

nopk
Yit1 = Yi + Z %y(k) (ti, vi) (34)
This is equivalent to The Newton Method for initial value problems when n =
1, which will only produce the first order linear term. The practical application
is only able to solve these equations in the first order, but it is possible to
augment it to allow for systems of first order equations that are equivalent to
higher orders.

Example 15. Solve the initial value problem 3’ =y, y(0) =1
Using the Laplace Transform.
> (y’) =Z(y)

Z(y) — f(0) =Z(y)

L)+ 2Ly ) 1

)( +1) =

( ) =L (=7)
y=c¢c
The solver outputs the following function, which approximates the analytical

solution y(t) = e'.

(
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Figure 18: Initial Value Problem Solver 3’ = y,y(0) = 1,y(t) = e

Numerical Solution for y' =y

t

—e— Taylor Order 4

1.25 1.50 175 2.00

Another main initial value problem solver method is known as Runge Kutta.
This iterative method uses the weighted averages of points at various slopes to
find the resultant curve. The following table shows the comparison of the RMSE
that is calculated between various solver methods at different error resolutions.
The methods that are tested are the Taylor solver using the geometric sequences,
the Runge Kutta method, and the actual analytical solution to the initial value
problem which the iterative methods are tested against. These methods are all
tested at the same fourth order where applicable upon the same 0 to 2 interval
with a step size of %

Table 5: Initial Value Problem Root Mean Squared Errors

’ ODE \ Method \ Control Method | Approximation Error \ RMSE
Yy =y Taylor Runge Kutta 1074 1.60 «+ 1074
y =y Taylor y(t) =€t 1074 9.86 % 10~°
y =y | Runge Kutta y(t) = et 1074 6.47 % 107°
y =y Taylor y(t) =€t 10~1¢ 4.72 %1076
Y=y Taylor Runge Kutta 10~16 472 %1070
vy =y | Runge Kutta y(t) =€’ 1016 3.55% 10~

This next example will solve another initial value problem 3’ = y+t,y(0) = 1,
upon the same interval. There will also be the same comparison upon the root
mean squared error resultant from the iterative methods.
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Example 16. Solve the IVP ¢ =y +1¢,y(0) =1
Using the Laplace Transform.
Ly)=2L(y+1)
sZ(y) - f(0) = Z(y) + £L(t)

— 1 1
g(y - (571)52 + (871) e ( ) ( )
1 A B C s°+Bs(s—1)+C(s—1
(s—1)s2 ~ s—1 + s + 2 T (s—1)s?
1=As>+Bs(s—1)+C(s—1)
= A (s=1)
—-1=C (s=0)

0=s2—s5+Bs(s—1)
0=s(s—1)(1+B)
1=8

The output figure is the following, approximating y(t) = 2e* — ¢ — 1

Figure 19: Initial Value Problem Solver y =y +t,y(0) = 1,y(t) = 2e! —t — 1

Numerical Solution for y' =y + x

129 Taylor Order 4

10 A

0.00 0.25 0.50 0.75 1.00 125 1.50 175 2.00
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Table 6: Initial Value Problem Root Mean Squared Errors

’ ODE \ Method \ Control Method \ Approximation Error \ RMSE ‘
y=1vy-+t Taylor y(t) =2et —t —1 10-% 1.55 %1074
y=y+t Taylor Runge Kutta 104 2.49 % 107*
y=1y+t | Runge Kutta | y(t) =2’ —t — 1 104 9.92 %1077
y=y+t Taylor y(t) =2et —t —1 1016 9.43% 1076
y=y+t Taylor Runge Kutta 10~16 9.43 %10
y=1y+t | Runge Kutta | y(t) =2e" —t—1 1016 4.62% 10"

Both of these initial value problems were solved using The Taylor method
in the fourth order using geometric sequences that were completely constructed
through applications of the successive midpoint. The geometric sequence that
was used was able to generate the h* within the sum of Formula 34. This
sequence represents the step size exponentiated by the current order of the IVP
approximation. For these simple initial value examples, it is more practical to
simply perform the initial work to solve the equation so an exact solution can
be found.

When comparing these solvers against each other, clearly at the same error
bound the Runge Kutta method is able to provide a more accurate solution
to the initial value problem than the geometric sequence Taylor method. De-
creasing the acceptable approximation error does help the geometric sequence
be more accurate which leads to a lower RMSE. The jump from an error of
10~% to 107 '6 only provides two orders of magnitude of improvement upon the
RMSE for the Taylor method. For the same reduction in error, the Runge Kutta
method receives an RMSE decrease of 9 orders of magnitude.

As a simple test, the rational sequence solver, powering the ode ivp solver
was changed to use the naive sequence solver which produces the exact geomet-
ric sequence. The RMSE returned from the swapping of the geometric sequence
solver within the Taylor method was completely unchanged. This suggests that
the limit of this Taylor solver does not lie within the geometric sequence ap-
proximation.

The initial value problem solver is available at ’Section 9/ode ivp solver.py’
or within the command line program at ’Applications/ODE IVP
Solver’.

The initial value problem comparison function is available at ’Sec-
tion 9/runge kutta comparison.py’ or within the command line
program at ’Analysis/Runge Kutta Comparison’.

9.4.3 Physical Simulation of Energy Lost Within An Inelastic Col-
lision

There are plenty of physical processes that are described by the decay and
growth of energy. One such process is the decay of energy from a bouncing as
it collides with the floor.
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It is possible to create a physical simulation of a ball bouncing purely with
algebraic formulas purely using geometric sequence since. This can be done
as the velocity of the ball is reduced by a factor of the restitution coefficient
when impacting the floor while the max height is reduced by a factor of the
restitution squared. Each element in the sequence would represent this decay
of energy leaving the system upon each bounce. A geometric sequence where
the base is the restitution could be created to be able to effectually model the
height of the ball over the count of bounces.

Using these algebraic methods will result in the ball’s motion being accu-
rately modeled, but a more advanced solution can be created using the previ-
ously created ordinary differential equation solver. The ball’s height over time
is able to be modeled as a second order differential equation 3" = —g where
g represents the acceleration applied onto the falling object, in this case grav-
itational. This second order differential equation 3" = —g can be turned into
v = —g, y' = v, representing the velocity and change in velocity. An additional
term can also be added to the acceleration to act as Newtonian air resistance
imparted as acceleration in the inverse direction of the velocity. This quadratic
drag relationship can be modeled as v/ = —g — k * v x |[v|, ¥’ = v where k is the
air resistance within the system. When there is no air resistance present within
the system, k = 0, which reduces the system of equations to 3" = —g,3" = v.
The solutions from this system is able to be used to simulate the height of a
ball as it bounces.

Figure 20: Ball Bouncing Simulation

Bouncing Ball ODE Simulation
Initial Height: 10.0m | g: 9.81 | k: 0.1 | r: 0.8

Trajectory
10 1 ® Ball

Height (m)

0 1 2 3 4 5
Time (s)

This demonstrates that what is a complex physical process, can be rep-
resented as what is essentially a series of bit shifts and subtraction by one
operations.
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The bouncing ball simulation is available at Section 9/simulate bouncing ball.py’
or within the command line program at ’Applications/Bouncing Ball
Simulation’.
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10 Conclusion

10.1 Discussion

10.1.1 General Discussion of Methods Used

The main thesis of this work has been proven with some minor caveats. It was
proven that it is possible to exactly represent geometric sequences of any rational
base of the form {3} : a,n € Z}, purely by taking midpoints and anti midpoints
upon an initial zeros or ones array. This does not extend to include any rational
or any real number base, but can utilize techniques to achieve an acceptable
level of approximation. It is however possible to represent any rational number
{% : a,b,n € Z}without approximation by using a more general form with
altered midpoint [f, ¢], and anti midpoint [—1,b] weights. Additionally, these
generated geometric sequences were able to be used within various applications
including function approximation and in the solving of initial value problems.

10.1.2 Discussion of Timing Results

Even though it has been shown that it is in fact possible to generate a geometric
sequence through this construction, the implementations created are unable
to perform as well as usual techniques. These methods have been deemed to
be inferior in both theoretical time complexity and in execution time when
compared against a brute force geometric sequence method. The algorithms
outlined generally operate on time scales within a few orders of magnitude
greater than the standard methods. The following lists the algorithms’ execution
times ascending order of mean execution time. The precision of the actual
timings is up for debate as well since it could be affected by background processes
and unoptimized code. The function performance is shown to the microsecond
scale which might not be entirely accurate so this analysis is meant to look at
the general performance. The 30 rounds of iterations do help to visualize trends
in the data.
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Table 7: Solver Statistics

Function Base Error  Mean Standard Median
Name Domain Bound Time (us) Deviation (us) Time(us)
numpy geometric_sequence N 0 1.34 32.12 1.19
numpy geometric_sequence  Z 0 1.38 40.35 1.19
numpy _geometric_sequence  Q 1072 1.43 24.41 1.43
numpy _geometric _sequence  Q 1078 1.48 80.22 1.43
naive sequence Q 1078 1.81 9.81 1.67
naive sequence Q 1072 1.83 13.83 1.91
spectral _geometric_sequence N 0 247.75 235.77 159.26
positive integer sequence N 0 249.44 261.34 159.98
all integer bases Z 0 276.70 286.06 178.58
rational sequence Q 1072 308.85 336.75 224.59
rational sequence Q 10-8 835.64 725.92 638.96
diagonal solver Q 1072 1300.05 1282.61 835.90
dynamic general base Q 1072 1465.37 1369.20 1030.45
binary base N 0 2260.09 2107.59 1593.11
diagonal solver Q 10-8 3077.79 2898.58 2064.23
dynamic_general base Q 10-8 3365.91 2945.50 2562.05

From this data, it appears that there are three orders of function. The
following enumeration will begin to describe general trends within the data.

1. The highest performing methods, within the range of 1us on average are
solvers that are built upon successively multiplying upon previous ele-
ments. These methods (numpy geometric _sequence and naive _sequence)
performed the best for all input types, with the numpy based solver per-
formed the best. The difference between the error used also mostly dis-
tinguished in what run they were a part of, since these functions bypass
any type of error approximation methods, with the average times between
the two error variants to being negligible. It can also be noted that these
solvers do perform better on more simple inputs and take longer on the
rational inputs although the difference is within tenths of micro seconds
(1.34 - 1.83 pus).

2. The median performing class of functions operate on average within two
orders of magnitude larger than the previous class of functions within
hundreds of micro seconds. These solvers also have an internal ordering
amongst themselves where natural inputs are the fastest (=250us), fol-
lowed by the integer input (a~ 280us),then ending with the rational _sequence
solvers at (= 310 — 840us) depending on the error level which is almost a
three times increase in time.
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3. Finally functions that are on the order of single milliseconds or thou-
sands of microseconds. These function are mostly rational solvers with
binary base as the only natural solver. These solvers were intended to
be optimizations upon the original midpoint base 2 solvers. Although
the optimizations for all of these solvers were done in an effort to reduce
the memoization length while using larger bases other than 2. Clearly
these failed to run in a more effective manner when compared to the ra-
tional sequence solver. The solutions are also clearly affected by the level
of error used in the rational approximations. The difference on average
of the calculation time is more than double when jumping from and error
of 1072 to 10~8, which is true of the previous rational sequence solver’s
response to error as well.x

Within Figure 10.1.2 Positive Integer Base, Positive Integer Exponent: Surface
Charts, it seems that the spectral geometric _sequence has a timing function
similar to some sort of step function. It appears that these steps take place,
not on random intervals, but in fact powers of two over both the base and
exponent inputs. This is interesting as it suggests that there is quite a noticeable
difference between the times within these power of two steps.The nearly flat
surface topology upon these ridges supposes that there is almost no difference in
the underlying frequency domain implementation of this algorithm when within
a [logab'|x[logak]region. This is likely due to how the exponentiation of the
kernel is handled on the power of 2 input.

When observing the difference in times between the rational sequence solver
and all of the general base class 3 solvers, clearly the base 2 approach seems
superior in execution time. For the general approaches, too much time must have
been used on either the memoization calculation stages or the actual applications
of the kernels. This clearly shows that the length of the memoization might not
be the only determining factor when optimizing a solver which opposes the time
complexity argument proposed in Section 8.5.1. Finding a solution in terms
powers of two might actually be more effective than simply producing a short
memoization in a larger base. The underlying hardware does work in a language
of base two which was determined to have some statistically significant effect
over the execution time of the solvers.

Purely by observing Figure 10.2.2 Integer Base, Positive Integer Exponent:
Quartile Average Charts, it is clear that the outer quartiles and inner quartiles
perform in a similar capacity. The outer quartiles (-100 to -50 and 50 to 100)
both appear to follow the same curve when overlaid. They both end at around
.001 seconds while the inner quartiles (-49 to 49) both end at around 0.0006
seconds when averaging time execution time of all of these bases. This is likely
due to the fact that the memoizations of a positive and negative base are roughly
the same length.

It appears that for small integer exponents centered around 0, the perfor-
mance time is similar to that of the product methods irregardless of base as
shown on the heat maps. The difference heat maps generally show less of a dif-
ference when compared against the control numpy geometric _sequence solver
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with lower exponents than higher exponents. Within the novel algorithms, the
larger exponents do add significant expense to the execution as each exponent
adds an entire new column to be executed upon, updating the anti diagonal of
the cascade matrix. This of course needs to be done for each memoization step
which for the sampled bases 3 - 100 is only at most 7 steps ([log2(100)]). This
highlights a fundamental limitation of the midpoint method when scaling up to
larger exponents. With each additional element in the sequence added, much
more work must be done when compared against increasing the base.

The error approximation does make a different in the execution time. For the
shift between 1072 and 1078, the difference in timings remains within the same
timescale. Due to the large amount of time it takes to generate these charts, the
final error bound of 10~ '6was not tested, but it would assumedly take a much
greater time to execute since the memoizations required to approximate on that
scale are much larger.

Within Figure 10.3.3 Rational Base, Positive Integer Exponent, Error 102
Surface Charts, in the naive sequence surface there appears to be an exponent
and base combination that consistently takes far longer than its neighbors. This
spike corresponds to the geometric sequence of %With a maximum exponent
of 63. This generates the 64 elements in 23651.12us a single time when the
other iterations average about 3.2 pus. This random spike must have skewed

the mean of those %7 63 runs quite considerably to be visible. Within the
same figure, rational sequence experiences a spike at % at an exponent of

38 for a time of 245622.63us. This is also the same for Figure 10.3.6 Ratio-
nal Base, Positive Integer Exponent, Error 10~® Surface Charts in the same

naive sequence for base 3L at exponent 43 taking 16735.79 ps. In that same

image the numpy_geometgrgi%_sequence solver experiences a spike at %with an
exponent of 82 for 131955.62us. These spikes are not statistically significant,
falling way above multiple standard deviations from the mean, however it is
necessary to explain these maximums representing extreme outliers.

Overall, the rational sequence solver is the most versatile of the rational
solvers. Due to the implantation of this algorithm, rational sequence reduces
into the all integer bases solver when dealing with integer bases and the pos-
itive_integer sequence when a positive base is input. It is likely that if these
inputs were actually tested within rational sequence, that the execution times
would perform in a similar manner to these functions. Potentially a further do-
main expansion can be proposed onto this rational solver to make it even more

robust.

10.2 Future work

There is much potential for remaining work that can be done on this topic. The
goals of these suggestions are either ways to make the current solutions more
robust or simply more efficient. Additional work could even be done to reduce
the impact that the highest exponent holds on the complexity.
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10.2.1 Shifted Exponents

One of the unsolved cases of this geometric sequence generation problem in-
volves exponents not starting at 0. For example [271,29 21]is a valid geometric
sequence however within the current implementation it is not entirely proven
that this will yield [371,3% 31] with the [-1,2] kernel as expected. By running
some simple tests it does appear that this does not work as expected so poten-
tially another kernel would have to be used to account for this shift. It is also
possible to approach this problem as two subsets by first calculating the pos-
itive exponent sequence then combine it together with the calculated negative
sequence. This is also equivalent to simply scaling the entire sequence to match
the desired exponents.

Another potential example that is not currently possible within the methods
is the case of generating a geometric sequence similar to [b10, b1 b12]. Clearly
this is equivalent to a scaled sequence b'°[b°, b', b2], but this is not yet possible
within any of the methods. Potentially there might be some kernel to transform
the input [210, 211 212] without the need for scaling.

General scaling by a factor of a is also not yet possible within the methods,
although scaling the input has been shown to be equivalent to scaling the output
by the same scalar. Adding this within the methods would be able to be done
simply without any real additional time cost.

As mentioned before, the only supported exponents for the geometric se-
quences are monotonic integer sequences. However a geometric sequence may
be defined with for any incremental exponents, not just this specific integer
subset. Potentially, there might be some kernel that is able to transform an in-
put of integer powers into that of rational powers. This might likely be exactly
possible in the infinite case, but would likely require approximation within the
discrete case. Additionally, it is possible to treat these rational exponents again
as a scalar shift over the entire sequence.

Finally, sequence of decreasing exponents starting from the positive side
and increasing exponents starting from the negative side also need to be im-
plemented. This can be done by employing the previously discussed shifting
operations or by reversing the order of a calculated sequence. Potentially there
might even be a kernel that can perform these transformations as well.

All of these shifts can easily be implemented within the existing methods to
handle the additional scale factors. It could be possible to use the Taylor Series
functional approximate to generate the scale factors to shift these sequences.
However it is more interesting to find a kernel that can properly carry out these
transformations that simply using an algebraic transformation. There might
even be a unique kernel that is able to create a memoization of negative rational
bases without the need to treat them as being positive.

10.2.2 Expanded Domain For Spectral Solver

The best performing custom made geometric sequence solver is the spectral _geometric__sequence
which transforms the input into the frequency domain to efficiently multiple the
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kernel. This produced the time complexity of the lowest order and the low-
est execution time on average (247.75us). This however only operated upon
the base domain of positive integers which is a severe restriction when com-
pared to the other rational solvers. Potentially a future iteration of this solver
can be made to accepting rational base and exponent inputs, making use of
the efficiencies afforded by the Fast Fourier Transform. It could even be ex-
panded to utilize the dynamic base algorithm to be able to more effectively
work with rational numbers by using a more precise approximation even if the
spatial dynamic general base solver performed the worse. This would require
the Fourier Transform to be proven in the general case as currently it was only
shown to work for base 2.

10.2.3 Optimizations

In a running system like the solver comparison, it might be possible to cache
the results of sequences to be able to be used later. The cached results could be
shifted upon to make transformed sequences that are fit to purpose. This would
help in operations that reuse the same slight variations of sequences constantly.
This would require memory management that would have to outlive the solver
function which introduces other challenges, but could significantly reduce times.

There are python specific optimizations that can be made to the solvers that
would either take advantage of features of the runtime or are just simply more
quick operations. For example, using numpy arrays instead of python lists is
generally advisable as they are of fixed length and use C as their implementa-
tion. For the base 2 solvers, explicitly using bit shift operations might help in
reducing the execution time as well. There are additional methods like numpy
dot product and scipy convolution that allow for the optimized implementations
of these common operations. Simply moving the solvers to use a compiled or
generally faster language could also greatly help the performance.

An aggregate solver could also be created, combining the strengths of each
of the solvers. This would use the data retrieved from the experimentation to
use the best possible solver when dealing with specific combinations of sequence
base and exponents. The solver could follow the heat map data to ensure that
the most optimal solver for the input conditions is used so the lowest execution
time can be met.

10.3 Final Words

This body of work answers the question in regards to the midpoint methods of
'is it possible?’, rather than ’is it practical?’. It has clearly been shown that
in the current implementation that simply successively multiplying numbers to-
gether is more efficient. Applying successive midpoints and anti midpoints to
a sequence has been shown to be able to exactly yield any rational base with
a power of two denominator. In the general case, any rational number base
sequence can be expressed through successive convolution with some kernel.
Potentially with further work and optimizations, this method could decrease in
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execution time becoming more viable. The decomposition provided throughout
this work, is able to be a guiding method for someone interested in calculat-
ing geometric sequences by hand or only with simplistic tools. Thank you for
reading.
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